Cong Thuc Tinh S6 Thap Phan Cua Hang So Pi
(/T =3,14159265358979323846264338327950288419716...)

Hang s6 Pi, dugc ky hiéu trong toan hoc 1a T [1*], n6 duoc xac dinh boi chu vi duong tron chia cho
duong kinh cua duong tron d6. Thoat nhin con s6 Pi tinh dugc tir dudng tron, ta twéng né cling glong
nhu nhimg con s6 binh thuong khac nhung khi khao sat sau vao so thap phén thi n6 1a con s6 ky bi day!
Ngay nay nguoi ta biét hang s6 Pi 1a s0 vO ty va con la mét con s siéu viét vi nd khong 1a nghiém cua
bat ky mot phuong trinh toan hoc dai sb nao hodc no ciing khong thé 14y tir phan sb cta céac sd nguyén
hay tu nhién tac tao thanh. Nhiing con sO thap phén cua Pi da dugc tinh chinh xac t61 hang ty con s6.
Nhung diéu ky diéu 14 su phan b ctia nhitng con s6 thap phan d6 khong theo bat ky mot dang chudi
hay day s6 dic biét nao da dugc biét trong toan hoc, va cho dén ngay nay nguoi ta van chua thay c6
khoang chu01 cac con sb 1ap lai cua nhiing sO thap phan trong hang ty con s6 da tinh dugc do. Li¢u
nhimg con s6 thap phén tiép theo ctia nhirng day s6 da biét dén mot lac nao d6 c6 roi vao mot chu ky
tuan hoan khong? Van con bi an! Muc dich dé tinh t6i hang ty con s6 thap phan cua Pi van chua duoc
tham thau rd rang, va tmg dung ciia nd vao thuc tién van chua c6 xu huéng. Nhung du sao cac nha
toan hoc van di tim kiém dé hiéu cu tric bén trong ctia nhimng s6 thap phan ciia Pi. Su tim hiéu vé Pi
dan dén c6 nhung s kham pha ly tha khac trong toan hoc. D6 la phat trién cac mo hinh toan hoc ma
ngay nay goi 1a tan toan hoc dung trong nhiéu © mg dung khoa hoc khac va ddng thoi cling ap dung dé
tinh hang sd Pi. Hang s6 Pi hau nhu ¢6 mat khip noi trong cAu tric thién nhién nhu cac tinh ta trong
vii try, trong cau vong, dong tir trong mat, nhitng chudi soan kép trong DNA, cac biéu thirc chudi s6
trong todn hoc va van van.

Nguoc dong thoi gian, hing s6 Pi dugc cac nha toan hoc ngudi Babylonian biét dén vao thé ky 19
trudc Cong nguyén va ho dung gia tri Pi bang 3,125. Trong kinh thanh Thién Chiia gio c6 doan ghi
gia trj ctia Pi gin bang 3. Nha bac hoc dai tai ¢6 dai Archimedes, ngudi Hy lap, da dung da giac déu ndi
tiép dudng tron trong khoa hinh hoc da xac dinh duoc gié tri chinh x4c cta hang s Pi roi vao trong
khoang 223/71 va 22/7, hay trung binh cong ctia hai con sé nay gan bang 3,1419 - chinh xéc téi 3 con
sO thap phan. Vao nam 263 trudc Cong nguyén, nha todn hoc Liu Hui Trung qudc da tinh ra gia trj cua
Pila 3,141014 — chinh x4c t6i 3 con s6 thap phan. Pau thé ky thtr nim sau Cong nguyén, nha toan hoc
Aryabhata ngudi An da tinh con s Pi béng 3,1416, va con s nay kha chinh xac hon so v&i Liu Hui
tim trude do hon bay thé ky da troi qua! Rdi cling trong thé ky thir nam, mot nha toan hoc Zu
Chongzhi Trung quoc dé dua ra gia tri cua Pi nam trong khoang 3,1415926 va 3,1415927, mot sy chinh
xéac bat ngd toi 7 con s6! Sau d6 mai dén thé ky 14, nha toan hoc khac tén Madhava ngudi An do da
dwa ra téi 11 con s6 thap phan chinh xac, 4y 1a 3,14159265359. Sy tim hiéu ctia con nguoi vé Pi khong
dimg & d6, vao nim 1646 nha toan hoc Leibniz ngudi Ptic d dua ra cong thic tinh Pi rat ky di, d6 la:
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Ciing c¢6 mot s tai liéu ndi cong thie trén 1a do Jame Gregory kham pha ra trudc. Néu ta cho gia trj x
= 1 thé véo biéu thirc trén, ta thu duoc biéu thirc chudi so:
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Diéu hét strc ngac nhién 1a ngudi ta thiy Pi trong trudng hop nay co lién quan t6i cac con sé nguyén
nhu 1, 3, 5, 7,..., ma trudc d6 cac nha toan hoc cho rﬁng Pi chi ton tai trong hinh hoc. Méc du biéu
thirc trén véi gia tri ciia né hoi tu vé Pi rat cham nhung né da ma ra ky nguyén mot phuong phap moéi
tinh Pi hét strc tha vi. Phuong phéap nay duoc ding cho dén ngay nay va né phai ding kém véi cac
cong thirc lién quan t6i ham nguoc ca tan khac, duge ky hiéu tan™ * x | con goi 1a cong thirc Machin,



s& noi t6i phan ké tiép. Véi biéu thic chudi thu dugc ¢ trén, ta cong trir khoang chimg mét ngan con 5O
dau tién ta chi tinh chinh xéac gia tri Pi t6i vai con s thap phéan that khiém ton.

Vao dau thé ky 17, John Machin ngudi Anh, da tim ra duge cong thirc:
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Sau nay ngudi ta goi 1a dang Machin. Két hop cong thitc Machin nay véi cong thirc ma Leibniz da tim
ra trude d6 thi gia tri Pi da duoc Sharp tinh chinh xac t6i 71 con sé thap phan. Ly do 14 co s6 5 va 239
tuong d6i 16n va khi chung duogc Iy thira k voi gia tri k ting dan da lam chudi s6 hdi tu vé Pi nhanh
hon. Sau d6 cong thic nay ciing duoc Machin ding dé tinh chinh xéc toi 100 con sb thap phan cua Pi.
Dén nam 1873, Shanks da cho ra 709 con sb thap phan tinh bang tay, nhung sau nay nguoi ta biét chi
¢ 527 con sb thap phan dau tién trong s6 d6 1a chinh xac. Ciing dua vao phuong phap nay, Shanks da
biét rang Pi 1a s6 vo ty. Tiép d6 khong bao 1au, nha toan hoc Lindeman ngudi Pirc da chimng minh rang
Pi 12 con s siéu viét vi n6 khong phai 1a nghiém cua bat ky biéu thirc hay phwong trinh dai s6 toan hoc
c6 thé giai rand. Linderman da chi ra rang khong thé nao khai can bac hai ciia mot duong tron bang
phuong phap dai s6! Su tiép dién tinh nhitng con s thap phan cta Pi da thuc hién boi nhidu cac nha
toan hoc khac. Dén nam 1949, 1an dau tién nguoi ta dung may tinh va tinh dugc gia tri Pi chinh xac t6i
2000 s6. Tir d6 m01 nam theo su phat trién vé toc do va stic ‘manh cua may dién toan, nguoi ta lai dat
mot ky luc tinh s thap phéan ciia Pi 1én téi traim nghin con s6 rdi dén triéu va ty con sd. Trung tuan
thang 12 nam 2002, nhom tin hoc do gido su Kanada ngudi Nhdt 1am trudng nhém, da dung nhiéu may
tinh hién dai ndi xen k& da tinh duoc t6i 1,24 ty ty con ) thap phan cua Pi mt cach chinh xac. Cong
thirc Machin ma gido su Kanada va nhom tin hoc di dung dé tinh 1a:
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Ta dé y cac co s clia ham nguge tan™ " x & biéu thirc trén 1a 48, 128, 239 va 110445 rat Ion. Khi ap
dung cong thurc Leibniz thi mirc héi tu ciia chudi s6 vé Pi cang nhanh va chinh xac.
C6 rat nhiéL} cong thuc ¢ dang Machin duge kham pha. Tt ca cac phuong phap tinh Pi tir ba thé ky
trude day dén nam 2002 déu str dung cac dang cong thire Machin va két hop voi cong thire do Leibniz
tim ra. Vao ndm 1997, mt cong thirc khac co6 tén goi la BBP dung dé tinh so6 thdp phan cta Pi da dugc
ba nha toan hoc Canada t€n David Bailey, Peter Borwein va Simon Plouffe st dung mot dang thudt toan
algorithm riéng goi 1a PSLQ va két hop voi may tinh da kham pha ra:
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Chir BBP la phan viét tat tén ho cua ba ngudi vira noi tren Thuat toan PSLQ duge dung dé tim sy lién
hé cua cac s6 nguyén nam giira cac s6 thue *¥1: X2: --- Xx trong d6 né phai thoa min phuong trinh

ayxytayxa+tazxst .. +a,%,= 0ysicac sb nguyén 4a; khong cung mot lic bang 0. Piém cot 15i
cua cong thirc BBP ¢ trén lé khi tinh s6 thap phan cua Pi ¢ dang nhi phén hay ¢ hex (co s¢ 16) thi
khong can phai cong hay trur cac s6 da tinh duoc truge do cho moi budce x€ dich cua k dang tién tir 1 t6i
mot s6 10n hay v6 cuc. Hay ndi ndm na 1a ta khong can nh¢ cac s6 dd duoc tinh trudc d6 cho mbi gia
tri ciia k, nhu vy do phai luu chiing trong bo nh¢é trong sudt tlen trinh tinh toan. Diéu d6 c6 nghia rang
ta khong can phai trang bi may dién toan cuc manh va khong can két hop voi nhleu may tinh khac nhu
da lam trudc d6. So di cong thirc BBP c6 dugc tinh chat vira néu trén 13 vi co sb 16 lily thira k da cho
céc s6 hang trong biéu thirc cung dong bo nho va héi tu rat nhanh khi gi4 tri k tién tir 1 1én céc s6 16n.
bay 1a phuong sach hay nhat dé tinh gia tri s thap phan cua Pi (¢ dang co s¢ 16 hay nhi phén) c6 tur
trude dén gid. Nhung thé gidi ma con nguoi doc va hiéu vé Pi hay nhitng con sé khac 1a nhiing con sd



thudc s6 thyc hay dang thép phan (decimal) c6 co s6 10 chir khong phai & dang nhi nguyén, s6 ma chi
c6 may tinh mé&i hiéu. Thi du con s6 Pi ¢ dang co s& 16 c6 gia tri 1 3.243F6A8885A308D313... (gia
tri twong duong theo cos¢ 10: Ala 10,Bla1l1,Cla12,D1a 13, Ela 14 va F 1a 15). Nhu vay qua cong
thirc BBP, s6 Pi & dang hex d3 duoc tinh t6i he‘mg ty con s6 nhung lam sao dé “chuyén kiéu” nhiing
chudi sb tir dang co s& 16 dé thanh dang hé thap phan (co sé 10) khi ma chua biét hét toan bo chudi cia
Pi dang ¢ dang hex trude d6? Nguoi ta dé dang chuyén nhimg sd tir dang co s 16 sang dang nhi phan
nhung khi chuyen hang ty con s tir dang co s6' 16 hay nhi phan sang dang co s6' 10 thi van con nan
giai. Cho dén nay nhitng cong thirc BBP cho Pi ¢ dang co s¢ 10 dang duoc lung kiém va vin chua biét
1a dang nay c6 ton tai hay khong.

Ngay sau khi cong thirc BBP dugc kham pha va dugc cong b trén Nguyét san toan hoc, cac nha toan
hoc trén the gidi cling tim ra thém céc dang cong thirc khac twong tu nhu cong thirc BBP dé tinh céac
hang s6 toan hoc khac nhu log2, log3, Pi binh phuong, can bac hai cua ba nhan Pi va van van.

Cong thire dudi day, ciing thudc dang BBP, dung dé tinh Pi da duoc tim thay tai website
http://www.seriesmathstudy.com/ dang ngay 29 thang 5 ndm 2006:
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Hai cong thirc & trén c6 co s6 kha 10n, 4y 1a 4096 lity thira k, chic chin s& lam cho viéc tim s6 thap
phan cua Pi nhanh hon nhi€u khi gia tri k duoc x€ dich di mdt don vi v€ phia so 16n hay tién dén mot s6
16m nhat nao dé vé phia vé cuc ma may tinh cé co ché thuc hién duoc.

Nhiing nim gan day ngudi ta con tim thiy mot sd cong thirc chudi lién quan téi Pi, dwoc nha toan hoc
Ramanujan [2*] kham pha ra nam 1910, nhu sau:
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Cong thirc trén, c6 mau s6 chira k giai thira lity thira bon 16n hon so véi giai thira & tir s6 va con c6 co
s6 396 liiy thira 4k, d4 1am cho chudi s6 nay hoi tu nhanh khung khiép. Bill Gosper d3 dung cong thirc
nay tinh dugc 17 triéu ) thap phan cua Pi vao nam 1985. Cu mdi bude xé dich cua k tir s6 nho tdi sd
16n, Gosper tinh duoc tam con s thap phan chinh xac cua Pi. Ciing vao thoi diém nay, David va
Gregory Chudnovsky tim ra cong thirc chudi c6 dang ctia Ramanujan dugc miéu ta & dudi day:

1,}7« (—1)* (6k)(13591409 + 545140134 %) 1

- (3 ) I(k!)Y 6403207532 T

=W

Trong cong thire chudi ndy, mdi bude xé dich ctia k cho chinh xéac téi mudi bon con s thap phan cua
Pi. David va Gregory st dung cong thuc trén cung voi 161 ky thuat ap dung cho so6 cuc 16n da tinh
dugc bon ty so thap phan cua Pi - ldp ky luc nam 1996.

Mic du sb thap phan cua Pi da duoc biét hang ty con sd, trong thuc té khi 4 ap dung nguoi ta chi dung
khoang nam chuc con s ciing di kha chinh xac cho viéc tinh todn nhiing s6 16n c6 lién quan t6i Pi. Thi
du nhu khi do luong chu vi truong no cua vil tru ¢6 ban kinh 10 luy thira 25, nguoi ta phai dung gan
bbn muoi con sd thap phan cua Pi thi méi do duge sy chinh x4c v6i sy sai s6 rat nho. Khi nhin vao diy


http://www.seriesmathstudy.com/mainright3.htm

thap phén cua Pi, ta twong chumng n6 nhu la nhitng con s6 hdn don. Nhung né duoc tinh toan tir biéu
thire dai sO toan hoc, hlen nhién nhiing con s6 l¢ d6 khong phai la s6 ngau nhlen ‘ma la nhiing con 5O
nam trong chu01 sO ¢6 cdu triic bi hiém! Mot so nha toan hoc lai “mdy moc’ ’ mudn tim kiém mot diy
s6 c6 dang s thir tw “0723456789” liéu n6 c6 ton tai trong hang ty con sO thap phan d6 khong? That
vay, nam 1997 lan dau tién ho tim thdy duy nhat mot day sd lién tiép tir 0 t6i 9 ndy nam sau con sd 1é
thur 17.387.594.880.

Nhirng con s0 thap phan cua Pi c6 nam trong mot quy luat trat ty nao khong hay no chi 1a mot mé
chudi s6 hdn don? Cau hoi dugc dua ra duong nhu 1a sy tréu choc ¢6 chu ¥, hay la sy thach d6 dé co
vil con nguoi tiép tuc lao vao tim kiém diéu bi 4n nhing s6 1é ctia hang s Pi ma n6 an minh trong mot
hay nhiéu ciu tric thién nhién nao d6 va dang cho dwoc kham pha...

Ngay 19 thang 11 nam 2006
T.V.

Thuwong Dé tao ra cic con sb, phan con lai do con nguoi (Leopold Kronecker, 1823-1891)

Doc thém bai cong thirc tinh sb thap phan cta In2

[1*] Ky hiéu nay dugc nha toan Leonahard Euler, ngudi Thuy Si, dung déu tién vao nam 1737.

[2*] Srinivas Ramanujan (22/12/1887 - 26/04/1920), ngudi An Do, mot ky tai trong toan hoc kho thay
tir ¢ chi kim, trong thoi gian: rat ngan da ty kham phd va hoan tat gan 3900 dinh ly va cong thuc lién
quan t&i cac lanh vuc 1y thuyét s6, chudi s6 hoi tu, vi phan bat dinh, va mot sb ham dic biét trong toan
hoc. Hau het trong cac cong thirc 6ng kham pha, nguoi ta khong thdy ong dé lai ”a’au tich" chimg minh
trong cac cudn so tay nho cua ong dé lai sau khi mat & tudi 32. Ngay nay, mot s6 gido su trong cac
truong dai hoc dang vét va "cap nhat" rat it phan ching minh vé cc cong thirc ciing nhu dinh 1y coa
ong vi hau hét chiung déu thudc loai rat khé chimg minh! Vi dy mot s6 cong thirc chudi hoi ty mé ta &
trén d duoc may dién toan cuc siéu trg gitp va dua vao mot sd thuat toan mai "chimg minh" ra duoc
két qua. DPay ciing 12 nganh toan hoc thuc nghiém vira méi hinh thanh khoang chumng hon hai thap nién
- mot hira hen gitp cac nha toan hoc tim kiém cac cong thuc trong twong lai. Mot s6 nguoi chuyén
nghién ctru vé nhitng cong thirc va dinh Iy cia Ramanujan tién doan thé gidi phai doi dén vai thap nién
nira hay ca thé ky nita dé "tiép thu" phan tinh tiy do.

Tai Liéu Tham Khdo

1. Essays and Surveys, Bruce C. Berndt and Robert Rankin, AMS-LMS History of Mathematics, vol.
22,2001.

2. History and Computation, Jonathan M. Borwein, FRSC, Prepared for Australian Colloquia, 2003.

Chu y: Gan day ching toi bat gap mot s6 website khac dang bai viét (vi du nhu tap tin timdientich.pdf)
tu trang web www.seriesmathstudy.com, ho da lay tén tac gia “T.V” ra, stra mau cho d& muc va con dé
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