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Preface

Preface

exploration of nested radicals and algebraic identities, and the art of solving

polynomial equations using of trigonometric and hyperbolic trigonometric
functions. The first subject unveils beautiful nested radical identities in algebra, along
with essential known formulas in mathematics. Meanwhile, the second subject unveils
an innovative approach to solving polynomial equations, encompassing quadratic to
quartic and other higher order solvable equations, by utilizing trigonometric and
hyperbolic trigonometric functions. We have chosen subjects that are relevant to
elementary algebra in mathematics. Our aim is to refresh a small facet of these
subjects by adopting an unconventional yet intentionally creative approach.

I he publication focuses on two elementary mathematical subjects: the

Our preface reveals that we are not professional mathematicians but rather
passionate math enthusiasts. By self-publishing this book, we recognize that it
represents merely a small fraction of our perception of mathematics, given our
limited expertise. Despite the modest content, our enthusiasm effectively
communicates the core mathematical results of these subjects in concise and clear
forms to the readers. The use of terms like innovation, discovery or exploration in
this book refers to the author, and while the results may not be new to readers, they
hold personal significance for us. We anticipate that this e-book will serve as a
memorable resource for mathematical exchange. The e-book is available at a very
low cost. Please note that this pricing is specific to the e-book format and does not
apply to the paperback version, due to the additional expenses associated with
printing and shipping for those interested in obtaining a physical copy. For instance,
we have set the e-book's price at a level covering only the expenses of self-publishing
on Amazon. A few words from the author: Grateful for the encouragement from my
parents and three daughters, Thao Vu, Thanh-Tu Vu, and Mai-Tran Vu, who are
currently pursuing their education. To the community, thank you for everything.

While this book may exhibit variations in writing style influenced by cultural factors,
as well as potential errors such as incorrect results, typos, and other imperfections,
we sincerely welcome constructive feedback and contributions from readers to
improve the overall quality. Your valuable input is greatly appreciated. Our contact
emails are sms@seriesmathstudy.com and tuevu2003@gmail.com. If you wish to
support our book(s) and efforts, we gratefully accept donations without refunds in
any form through the provided PayPal link, https://www.paypal.com/donate/?
hosted_button_id=87LZ956NGUMQQ.


https://www.paypal.com/donate/?hosted_button_id=87LZ956NGUMQQ
https://www.paypal.com/donate/?hosted_button_id=87LZ956NGUMQQ
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Chapter 1

Nested Radicals and Algebraic Identities

establishing some algebraic identities involving nested radicals. Additionally, the
exploration extends beyond trigonometry to include various other forms of
nested radicals.

This chapter explores into nested radical formulas rooted in trigonometry,

Section 1. Nested Radicals Generated by Composition of Trigonometric
Functions with Inverse Trigonometric Functions, and Hyperbolic
Trigonometric Functions with Inverse Hyperbolic Functions

We introduce a creative approach to derive nested radical expressions by composing
various trigonometric and hyperbolic trigonometric functions with inverse functions.
Our starting point involves utilizing the cosine double angle formula, a key component
in constructing and revealing nested radical patterns. We elucidate the process of
creating nested radical addition and subtraction identities by employing the
definitions of these composite functions. This represents a significant advancement in
the realm of nested radical expressions, particularly in the context of trigonometric
functions, enabling the rapid and precise computation of specific values. As an
illustrative example, we demonstrate the accurate evaluation of expressions without
using calculator such as cos(m/12), cos(1/24) and cos(m/48) in closed form.

Section 1-1. Nested Radical Generated by Composition cos[(1/2")cos™(x)]

We use cosine double angle formula to construct a set of finite nested radical
expressions in relation to the composite of the cosine with its inverse in the form:

cos(z_l”cosl(x))’ —1<x<1, neN=(1,2,3,.. (L)

where cos(x) is the inverse function of cosine. The expression (1.1) has domain [-1,



Chapter 1

1] and range (-oco, ©0).

1. Half Angle Cosine Formula
The half angle cosine formula is expressed as

Cos(%cosl(x)).

To derive this formula, we use the cosine double angle formula, which can be
expressed in relation to cos(x) as

2
cos2x=2cos x—1

Equivalently, it can be expressed in the form,

cosx:i%V(2c052x+2).

Substituting x by x/2 gives

L242cosx. (1.2)

cosx=+=
2 2

Continuing by replacing x with cos™(x), for -1<x<1, we obtain

cos(%cosl(x)):%\/2+2x 2\/%\/; (1.3)

The negative sign is omitted due to the restrictions of the inverse cosine function's
domain and range, which are [-1, 1] and [0, 1], respectively. Moving forward, the
negative sign will be excluded. Noting that the expression on left-hand side of (1.3)
also follows from (1.1) forn = 1.

2. Quarter Angle Cosine Formula
The quarter angle cosine formula that we want to derive has in the form:

cos(%cosl(x)).

Upon substituting x by x/2 into (1.2), gives

Ccos X zl\/2+2cos X
4 2 2
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Z;—\/2+V2+2cos(x). (1.4)

Substituting x with cos™(x), for -1<x<1, into (1.4) gives the formula,

cos(%cos_l(x)):%\/2+\/2+2x for—1<x<1. (1.5)

Proof of Domain Determination for (1.5)
a. On the right-hand side of (1.5), we find that:

[2+2x20 [xz—l
=

2+V242x>0 (x=—1

=>x>—1. (1.5a)

b. On the left-hand side of (1.5), we determine: 1<x<1.

By combining the results from Part a and Part b, we conclude that the domain of
(1.5) is the interval [-1, 1].

3. Other Cosine Identities for Higher Roots

Following the established procedure, we derive a set of nested radical identities for
the scaling factor 1/2" at 8™, 16", and 2™" which follows from setting n = 3, 4,...,, n in
(1.1), as illustrated below:

cos(%cos_l(x)):%\/2+\/2+m, —-1<x<1, (1.6)
\/ \/2+\/2+m Cl<x<1, (1.7)

cos(% cos 1(x)):

L
2

\/2+ 2+ 2+\/2+2x —1<x<1, (1.8)

b
e

L o' _1
CcOoSs —COS X =—
32 2

1
Cos | —— cos x
( 64

V2+yV2+2x, —1<x<1, (1.9)

|\J|b—\

(1.10)

1 -
cos [ — cos x
2"

2+
2+.. + 2+\/2+\/2+2x —1<x<1, neMN, (1.10a)

1.
2
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or displaying (1.10a) in “another form style”,

cos(%cos1X)=;—'\/\/\/V\/2x+2+2+2+2+...+2, —1<x<1, neN. (1.10b)

The expression (1.10a) or (1.10b) consists of n nested square roots (or nested radical
square roots). The initial layer begins with the square root of 2x + 2, and each
successive layer builds upon the previous one by containing 2.

Example. Calculate cos(m/12), cos(m/24) and cos(m/48) manually, without relying on a
calculator.

Solution. We use the fact that cos™(1/2) = 1/3, as a starting point. By substituting x
= 2 into the formulas (1.5), (1.6), and (1.7), we can efficiently determine the values
of cos(m/12), cos(1/24) and cos(m/48), resulting in the following:

cos(n ):;@—@,

12
Cos (2%):;—\/2+\/2+\/3,

and

IEART I

48

Section 1-2. Nested Radical Generated by Composition cosh[(1/2")cosh™(x)]

In this section, we develop a set of the nested radical expressions in relation to the
hyperbolic cosine and its inverse [1] with the structure:

COSh(%COShl(X)) for x>1 and n=1{1,2,3,...}. (1.2.1)
where cosh™(x) is the inverse function of cosh(x).
1. Half Angle Hyperbolic Cosine Formula

4
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The half angle hyperbolic cosine formula is expressed as

cosh (% cosh_l(x)), x>1,

which is the form (1.2.1) when n = 1. To derive this formula, we use the identity
cos(ix) = cosh(x). By substituting x with ix into (1.2), we deduce that

cosh(%)Z%m (1.2.2)

Continue substituting x by cosh™(x) into (1.2.2) yields,

cosh(é—cosh_l(x)):é—v2+2x, x>1. (1.2.2a]

The expression (1/2)v2+2x in (1.2.2a) is intentionally left in its non-simplified form to
preserve and analyze the underlying patterns within the formula.

2. Quarter Angle Hyperbolic Cosine Formula
The quarter angle hyperbolic cosine formula is expressed in the form,

cosh i—cosh_l(x)).

To construct this formula, we replace x with x/2 into (1.2.2), which gives

cosh()i)zl— 2+2cosh()i)
4) 2\ 2

:;—\/2+\/2+2cosh (x].

Substituting x by cosh™(x) gives the final result

cosh(%cosh_l(x))Z;—\/2+\/2+2x, x=>1. (1.2.3]

Notice that the expression on left-hand hand of (1.2.3) is also the value of form
(1.2.1) when n = 2.

3. Other Hyperbolic Cosine Identities for Higher Roots

Continuing in a similar manner as described in parts 1 and 2, we derive a set of the
nested radical identities for the scaling factor 1/2" at 8", 16",..., 2™", which follows
from settingn = 3, 4,..., nin (1.2.1), as illustrated below:

5
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1
8

cosh(116coshl(x))Z;\/2+\/2+\/2+\/2+2x, x>1, (1.2.5)
%\/2+ 2+ V24249242, x=1, (1.2.6)

;

cosh(Lcosh_l(x)):;— 2+J2+\/2+\/2+\/2+\/2+\/2+2x, x>1, (1.2.8)

128

coshl(x)):%\/2+ 2+V242x, x=1, (1.2.4)

cosh (

cosh (% cosh™! (x))
)

cosh L cosh™ ' (x L
64 2

o
\/2+\/2+\/2+\/2+m, x>1, (1.2.7]

cosh(%cosh_lx):;—- 2+...\/2+\/2+\/2+\/2+\/2+\/2+2x, x=1, nel. (1.2.9)

Note: Formula (1.2.9) comprises n layers of nested radical square roots. The initial
layer begins with the square root of (2x + 2), and each successive layer builds upon
the previous one by containing 2.

Section 1-3. Establish Nested Radical Addition Identities

In this section, we use the definition of hyperbolic cosine and its inverse, along with
the archived results from Section 1-2, to establish algebraic identities for nested
radical addition.

The definition of the hyperbolic cosine function is defined as follows:

cosh(x):%(ex+ex), XER. (1.3.1)

Likewise, the inverse hyperbolic cosine function is defined as

cosh_l(x)=1n(x+\/x2—1) for x>1. (1.3.2)
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For real n, we have

cosh (% cosh™'(x)

):cosh(i—ln(xH/Z)) (1.3.3)
)

:;—(x+\/x2—1)1/n+ %(xﬂ/ x2—1)71/n
:%(x+ x2—1)1/n+ %(X— xz—l)l/n (1.3.3a)

By replacing n with 2" for nelN, we obtain the hyperbolic cosine and its inverse in the

cosh(%cosh‘l(X))%—(Hsz—1)w+ ;—(X—sz—l)l/zn,n=1,2,3,... (1.3.3b)

form:

1. Nested Radical Addition Identities
By employing the outcomes derived from (1.2.2a) through (1.2.9) in conjunction with
formula (1.3.3b) forn = 1, 2, 3,..., we unveil the elegant identities presented below:

\/x+\/Z+\/x—\/Z:V2+2x, (1.3 .4]
l\l/x+\/Z+é\1/x—\/Z:\/2+\/2+2x, (1.3.5)

?/X+Vx2—1+?/x—Vx2—1:\/2+ 2+V2+2x, (1.3.6)
1§/x+\/x2—1+1(\5/x—\/x2—1= 2+\ 24V 24242 x, (1.3.7]

3€/x+m+37x—m=\/2+ 2+\/2+m’ [1.3.8)

J
6z\l/x+\/Z+6£\l/x—\/xzi—: 2+\/2+\/2+\/2+‘\/2+m, (1.3.9)

128 128
\/x+\/x2—1+ \/x—\/xz—lz 2+\/2+\/2+\/2+\/2+\/2+\/2+2x, (1.3.10)

2\n/x+\/Z+2\n/x—\/Z=\/2+...\/2+\/2+\/2+\/E, (1.3.11)
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where x = 1 for each of these identities spanning from (1.3.4) to (1.3.11). Formula
(1.3.11) comprises n layers of nested radical square roots. The initial layer begins
with the square root of 2x + 2, and each successive layer builds upon the previous
one by containing 2.

2. Alternative Form of Nested Radical Addition Identities

We look for an alternative form of part 1 so that it shows more symmetry in algebraic
structure. We begin with (1.3.4) as follows:

* Substituting x by ,/x into (1.3.4) gives

\/\/;+\/;+\/\/;—\/;:\/2+2\/;. (1.3.12]

 Let a and b are arbitrary, by replacing x with a/(2b) + 1/2 into (1.3.12), which
gives

a 1 a 1 a 1 a 1 a 1
\/\/2_b+2_+\/2_b 2_+\/\/2_b+2_ \/Z_b E‘\/Z*z\/z—b*z" (13.13)

After rearranging for a common denominator 2b, and simplifying the shared

denominator V+v2b or ¥2b on both sides of (1.3.13), we obtain a graceful nested
radical identity or name it as a nested radical addition identity, namely

\/\/a+b+\/a—b+\/\/a+b—\/a—b:\/2(\/£+\/E) (1.3.14)

In the same manner, employing the identical approach yields other notably elegant
nested radical addition identities for values of n corresponding to powers of 2, 4, 8,...,
as illustrated below:

Wa+b+¢a—b+Wa+b—¢a—b:\/2@+¢2(@+M) (1.3.15)
i\g/\/a+b+\/a—b+§/\/a+b—¢a—b:\/25/%+\/2@+\/2(@+M) (1.3.16]

15/\/a+b+\/a—b+1§/\/a+b—\/a—b:\/216 2b+\/2%+\/2@+\/2(@+\/ﬂ) (1.3.17)

3\2/\/a+b+Ja—b+3\2/\/a+b—\/a—b:\,/2322b+\/21§/2b+\/2 MH/ZVEH/Z(\/EM/E) (1.3.18)
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6Wa+b+Ja—b+6‘Wa+b—Ja—b:\/zﬁ“ 2b+\/23%/£+\/216 2b+\/2§/ﬁ+\/2 {2b+\2(V2b+asb) (13.19)

Aarb+va—b+ Y Varb—y ab:\/zl%m\/ﬁzm\/fﬂzm\/2%b+\/ 2§/£+\/ 2v2b+y2(v2b+/a+b)  (1.3.20)

Z\H/\/a+b+\/ab+2\"/\/a+b\/ab=\/22"2b+...+\/242b+\/\/2(\/27b+\/a+b),a,be//?,neN(l.S.Zl)

Note: The expression (1.3.21) consists of n nested square roots, where each
successive layer builds upon the previous one by containing 2v2b.

3. Second Alternative Form of Radical Square Addition Identities

The second alternative form of Radical Square Addition Identities is another form of
part (2) which can reformulated to a simpler form such that the square roots of (a+b)
and (a-b) of each identity spanning from (1.3.4) to (1.3.14) are removed. Indeed, let

A and B be real numbers, and by setting: A=va+b and B=va-b, we derive upon
solving for a and b in terms of A and B, which yields

A’+B?
a:

and

Substituting a and b into the identities found between (1.3.14) and (1.3.21), we
uncover the subsequent intriguingly and remarkably nested radical addition identities:

VA+B+VA—B=124+2VA— B, (1.3.22)
‘\L/A+B+4\/A—B:\/2\/4A2—B2+\/2A+2VA2—B2, (1.3.23)

WA+B+§’/A—B:\/2 v A2—B2+\/2 7A2—32+\/2A+2\/A2—B2, (1.3.24)
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1?/A+B+1§/A—B:\/2 16¢A2—BZ+\/2 ?/AZ—BZ+\/2 fa_p+24+21a- B, (1.3.25)

3\2/A+B+3\2/A—B:\/232 AZ—B2+\/21\G/A2—B2+\/2 \S/AZ—B2+\/2‘\1/A2—B2+\/2 A+2VA =B, (1.3.26)

& A+B+WAB:\/26V A2—BZ+\/23\Z/ AZ—B2+\/21§/A2—B2+\/2§/ AZ—B2+\/ 2 A B +\2A+2 A B (1.3.27)

2\7A+B+2\7A—B:\/22\/"AZ—B2+...+\/2ZH\/1AZ—BZ+\/2A+2\/A2—BZ, A,BER, neN. (1.3.28)

Formula (1.3.28) comprises n layers of nested square roots. Each successive layer
builds upon the previous one by including the difference between the squares of A
and B. Notice that A and B can be arbitrary numbers.

Thus, we have effectively demonstrated a straightforward algebraic method for
deriving elegant algebraic identities pertaining to nested radicals of 2, 4, 8, and so
forth. However, in our exploration, we haven't found equivalent elegant 2-term
identities for nested radicals with odd numbers. The presence of such identities,
devoid of the need for complex numbers within them, is still unknown and uncertain
at this point. Interestingly, if we begin with the cosine of 3rd angle in Section 1-2, it
leads us to solve a cubic equation. Surprisingly, the outcome aligns with the form of
formula (1.3.3a) in which its radical expression involves the complex unit i.

There exists a mathematical identity for the cubic radical such that

3 3 3
VA+B+yA—B= \./expressed without the complex unit i ?

Section 1-4. Nested Radical Generated by Composition sin[(1/2")cos™(x)]

Within this section, we construct nested radical expressions involving sine function
and inverse cosine function in the form:

sin(Zincos‘l(x)),—13xs1,ne//v:{1,2,3,...}. (1.4.1)
1. Half Angle Sine Formula

10
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The cosine double angle formula can be expressed in the form:

. 2
cos2x=1—2sin" x

Alternatively, it can also be stated as

sin(x):i;—\/Z—Zcos(Zx).

Then replacing x with x/2 gives
sin(i):+1—\/2—2cos(x) (1.4.2)

2) 2

By replacing x with cos™(x) into (1.4.2), we obtain

sin(%cosl(x))Z;—\/Z—Zx, —1<x<1. (1.4.3)

The negative sign is not included in (1.4.3) due to the restrictions on the domain and
range of the inverse cosine function. The expression on left-hand side of (1.4.3)
corresponds to form (1.4.1) when n = 1.

2. Quarter Angle Sine Formula
We derive the quarter angle sine formula in the form:

sin(i—cos_l(x)).

By replacing x with x/2 into (1.4.2), we have

sin X :il— 2—2cos X
4 2\ 2

zi;—\/Z—\/2+2cos(x) (1.4 .4)

Replacing x with cos™(x) into (1.4.4), for -1<x<1, gives

sin(%cos_l(x)):%\u—\/m (1.4.5]

3. Other Sine Identities for Higher Roots

In the similar manner, we derive other cases of (1.4.1) for n = 3, 4,...n, with -1<x<1
as indicated below

11



sin(%cosl(x)):%\/2— 2+V2+2x,
sin(116cos1(x))=;\/2—\/2+\/2+\/2+2x,

sin(écosl(x))=%\/2 241241241242,
(x));\/Z

. 1 -1
SIn | — COoS -
64

o
——

128

sin(Lcos‘l(x)):% 2\/2+\/2+\/2+\/2+\/2+m,

sin(i—ncos_lx)Z%- 2\/2...+\/2+\/2+\/2+\/2+\/2+2x, —1<x<1.

Chapter 1

(1.4 .6)

(1.4.7)

(1.4.8)

(1.4.9)

(1.4.10)

(1.4.11)

Note that another approach is that the identities uncovered in the Section 1-1 can be
promptly employed to deduce the aforementioned outcomes. This can be achieved by

utilizing the trigonometric identity sin® x + cos? X

formula (1.6),

cos (%cos_l(x)):%\/2+\/2+m.

Then take square of both its sides, gives

cos 2(1 Cosl(x))Zi(2+\/2+\/2+2x)

8

@sinz(é—cos_l(x)):1—‘1?(2+\/2+\/2+2x
=sin (% cos_l(x)):%\/2— V2+v2+2x,

|

which was previously demonstrated in (1.4.6).

12

1, for instance, we choose
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Example.
Find the exact values of sin(1/48) and sin(1/96).

We use the fact that cos(1/2) = m/3, as a starting point. By substituting x = %2 into
formulas (1.4.7) and (1.4.8), we can efficiently determine the values of sin(m/48) and
sin(1/96), resulting in the following:

sin(%):i\/z—\/ym

2

sin(g%):§\/2\/2+m.

Section 1-5. Nested Radical Generated by Composition sinh[(1/2")cosh™(x)]

We employ the identities revealed in Section 1-4 to construct nested radical
expressions that in relation to the composite of the hyperbolic sine function with
inverse hyperbolic cosine function [2] in the form:

sinh(zincosh1(x)),x21,ne/N={1,2,3,...} (1.5.1)

1. Half Angle Hyperbolic Sine

The half angle hyperbolic sine function involving inverse hyperbolic cosine function is
a special case of (1.5.1) when n = 1.

To derive it, we do in the following steps:
a. Multiplying both sides of (1.4.2) by i, we have
isin(%cosl(x))=2i\/2—2

X
zsinh(%cos_l(x) :;—VZX—Z

b. Applying the identity icos*(x) = cosh(x), we obtain the half angle hyperbolic sine,

sinh(?lcosh_l(x))zz 2x—2 ,x>1. (1.5.2)

13
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2. Quarter Angle Hyperbolic Sine

The quarter angle hyperbolic sine is a special case of (1.5.2) when n = 2. To derive it,
we do in the following steps:

a. Replacing x with cosh(x) into (1.5.2), then substituting x with x/2 we have
sinh(x—)zl—\/Zcosh()i)—
4] 2 2

b. Continue replacing x with cosh™(x) for x > 1 gives

sinh(i—coshl( )) é\/Zcosh(2 cosh ™" (x ))—2

c. Applying (1.2.2a) we obtain the quarter angle hyperbolic sine, nhamely

sinh(%coshl(x)):;— V2+2x—2, x=1. (1.5.3)

3. Other Hyperbolic Sine Identities for Higher Roots

Following the established procedure, we proceed to deduce the subsequent identities
of (1.5.1) when n = 3, 4, 5, etc., as presented below:

sinh(fla—cosh ) \/\/2+ 2+2x 2, x=>1, (1.5.4)

sinh(%cosh ) ;—\/\/2+\/2+ 2+2x 2, x=>1, (1.5.5)
)V
smh(3—2cosh =5 2+ 2+ 2+ 2+2x 2, x=1, (1.5.6)

sinh(6i4cosh %\/ 2+ 2+\/2+\/2+ V242x-2, x>1, (1.5.7)

\/2+ 2+ 2+\/2+\/2+ V242x—2, x=1, (1.5.8]

sinh 1 cosh™* l
128 2

14
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sinh(i—ncosh_l(x))ZE— J2+...\/2+\/2+\/2+\/2+\/2+2x2, x=>1. (1.5.9]

(n nested square roots)

Note: Formula (1.5.9) comprises n layers of nested square roots. The initial layer
begins with the square root of 2x - 2, and each successive layer builds upon the
previous one by including 2.

Section 1-6. Establish Nested Radical Subtraction Identities

Following a similar approach to the Section 1-3, we establish a set of algebraic
identities referred to as nested radical subtraction identities. The identities are
derived through the utilization of the definitions of hyperbolic sine and inverse
hyperbolic cosine functions, along with the outcomes obtained in Section 1-4. We
derive the general formula for sinh((1/2")cosh™(x)) as follows:

The definition of the hyperbolic sine function is defined as

sinh(x):;—(ex—e_x), XER . (1.6.1)

Likewise, the inverse hyperbolic cosine function is defined as

coshfl(x)ZIn(x+\/x2—1), x=1. (1.6.2)

For real n, we have
sinh(% COShl(X))ZSinh (i—ln(xﬂ/xz—l))
(eof—1) " Llaiie_q) " (Using (1.6.1)
2

(x+\/x2—1)1/n—1—(x— xz—l)l/n neER,x=1. (1.6.3)

2

(Using (1.6.2)

NI= N

Therefore, substituting n by 2", where n = 1, 2, 3, ..., we obtain the composition of
the hyperbolic sine with inverse hyperbolic cosine takes the form:

sinh(2%cosh_lx)=;—(x+\/x2—1)l/2n—%(x— xz—l)l/zn neN,x=1. (1.6.3a)

1. Square Root Nested Radical Subtraction Identity
By combining (1.6.3a) when n = 1 and (1.5.2) we obtain a beautiful subtraction

15
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identity,

\/x+\/x2—1—\/x—Vx2—1=\/2x—2. (1.6.4)

2. Quarter Nested Radical Subtraction Identity

The derivation of the quarter nested radical subtraction identity involves the
combination of (1.6.3) with n = 2 and (1.5.3), yielding the following outcome:

vx+m—vx—%fi—:\/w+2x—2. (1.6.5)

3. The 8™, 16", 32", ..., 2"", Nested Radical Subtraction Expressions

The process of deriving the nested radical subtraction expressions for the eighth,
sixteenth, and subsequent powers of 2 involves combining (163) with varying values
of n, ranging from 3 to n, along with (1.5.4), (1.5.5), ...(1.5.9), as demonstrated in
the followings:

Ferliot -t le—1=\aizsan—s, 6.6
1§3/x+\/;—1?/x—\/z:\/\/2+\/2+ 2+2x—-2, (1.6.7)
3\2/X+Jx27——3</x—E:\/\/zwzwzux—z, (1.6 .8)

6‘\1/><+JZ—&\‘/><—JZ:\/\/2+\/2+¢2+ 2+2x-2, (1.6.9)

127x+¢x27——lz\g/x—%fi—:\/\/2+\/2+\/2+\/2+Jﬁ—2, (1.6.10]

2\"/x+\/x2—1—2\n/x—\/x2—1: \/2+...\/2+\/2+\/2+\/2+\/2+2x—2. (1.6.11]

4. Alternative Form of Nested Radical Subtraction Identities (Type 1)

The alternative expression for (1.6.4) exhibits enhancing the symmetry and aesthetic
appeal of a mathematical identity when we represent x using real values a and b

through the substitution x:1/2€1+;, leading to the subsequent formulations:

4A. Alternative Form of Nested Radical Subtraction Identities (Type 1)
a. Upon applying the x substitution, the identity of (1.6.4) becomes:

16
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a 1 a 1 a 1 a 1 _ a 1
\/\/b_ *5*\/5 ‘E‘Wb—*z‘\/b— _2_\/2(Vb *3 1) [1.6.12)
b. By further simplification, we derive:

Wasbiva—b—vvarb—va—b=V2(Varb_v2b) (1.6.13)

4B. Alternative Form of Quarter Nested Radical Subtraction Identity (Type 1)
a. Similar to the concept in (1.6.5) and upon applying the x substitution, we have

4 1a 1 a 1 4ja 1 a 1 1
\/\/b +24’\/19 2 \/\/b 3 \/b 2 \/\/2+2V2b+ 2

b. Simplifying further, we obtain

Varbrva—b—i\arb—Va—b= \/\/2 V2b+a+b)—2V2b (1.6.14)

4C. Alternative Form of Nested Radical Subtraction Identities for Higher
Roots (Type 1)

This approach similarly yields alternative formulations for (1.6.6) through (1.6.11),
we find:

ﬁ/\/a+b+\/a—b—f\3/\/a+b—\/a—b:\/\/26/2_b+\/2(\/27b+\/ﬁ)—2§/2_b (1.6.15)
1Wa+b+mme%b:\/\/ﬁzm\/z ‘@Jz(%ﬁﬂ/ﬁ)—ﬁﬁ (1.6..16]

W arbsva—b—arb—va_b= \/ 1\/2b+\/2\/2b+\/2 b+\/2 (V2b+va+b)—2%2b (1.6.17)

m+b+¢a_b_2wa+b_¢a_b:Wﬁ"@p...szb(@m)_fm (16.18)

4D. Alternative Form of Nested Radical Subtraction Identities (Type 2)

Assuming that A and B are real numbers, we show the nested radical subtraction
identities spanning from (1.3.4) to (1.3.14) can be reformulated as follows:

i. Define A=va+b and B=va-b.

17



Chapter 1

ii. Upon solving for a and b in relation to A and B, we derive:
_A’+PB’

a

iii. By substituting a and b into the identities (1.6.13) to (1.6.18), we obtain the
following remarkably second alternative form of nested radical subtraction identities:

VA+B-VA_B=\2VA’—B'-2A (1.6.19)

‘\‘/A+B—€/A—B=\/\/2A+2\/A2—Bz—2§/A2—BZ (1.6 .20

g/A+B—§/A—B:\/\/ZM+\/2A+2\/A2—BZ—2\/8 A?— B (1.6 .21)

1%HBI%B:\/\/MB AZ—B2+\/2\/4 AZ—B2+\/2A+2\/A2—Bz—21$/A2—B2 (1.6.22)

2\"/A+B—2\H/A—B:\/\/ZZH\I/AZ—B2+...\/2A+2\/2A+2\/A2—B2—22\7A2—BZ (1.6.23)

Note: Formula (1.6.23) comprises n layers of nested square roots. Each successive
layer builds upon the previous one by including the difference between the squares of
A and B.

Section 1-7. Summary on Addition and Subtraction Identities

We've established several algebraic identities called nested radical addition in Section
1-3 and nested radical subtraction in Section 1-6. We also demonstrated the
enhancement of aesthetic appeal and symmetry within identities through variable
transformations. Within this section, we consolidate the identities acquired from the
1-3 and 1-6 sections. Subsequently, we illustrate the process of deriving fresh
(distinct) identities by employing elementary addition or subtraction operations on
existing ones.

1. Nested Radical Addition and Subtraction Identities

The nested radical addition and subtraction identities can be integrated from the 1-3
and 1-6 sections into a single comprehensive expression through the utilization of

18
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both plus and minus operations, resulting in a succinct summary:

\/\/a+b+\/a—bi\/\/a+b—\/a—b=\/2(mi\/2;b), (1.7.1)
‘\1/\/a+b+\/a—bié\1/\/a+b—\/a— b=\/\/2(\/£+m)12€/27b, (1.7.2)
?/\/a+b+\/a—bis\;/\/a+b—\/a—b:\/\/Z VﬁJzWENﬁ)iﬁ/ﬁ, (1.7 3)

%MmmﬁmW:J\/z%szS¢2b+dzm+¢2(m+¢a+b)ﬂ%ﬁ, (17 4)

2\"/¢a+b+\/ab+2(/\/a+b\/ab:NZZm+\/22nm+...+\/2§/E+\/2(\/5+\/E)+22\n/2b. (1.7.5)

2. Summary on Alternative Form of Addition and Subtraction Identities

The alternative form of nested radical addition and subtraction are integrated from
the 1-3 and 1-6 sections and summarized as follows:

VA+B:VA—B=\2VA'—B'524, (1.7..6)
VA+B¢VA—B:\/\/2A+2JAZ—BZﬂVAz—BZ, (1.7.7)
i\i/A+BiE\B/A—B:\/\/ZQ/AZ—B2+\/2A+2\/AZ—BziZ?/AZ—BZ, (1.7.8)

1‘7A+B£6JA—B:\/\/2 VAZ—BZ+\/2 Q/Az—B2+\/2A+2\/A2—B2121€/A2—BZ, (1.7.9)

3€A+B+3VAB:\/\/21VA2BZ+\/2VAZBZ+\/2VA2B2+\/2A+2 Va’— B —2NA*—B, (1.7.10)

Z\H/A+Bi2\"/A—B:\/\/2TVI AZ—B2+...\/...+\/2A+2\/A2—B2i22\7A2—B2, (1.7 .11)

where a, b, A, and B are arbitrary.

3. Exploring Novel Nested Radical Identities Generated through Addition and
Subtraction

19
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From the earlier provided summary (1) and (2), it's apparent that each identity
encompassed within the range of (1.7.1) to (1.7.11) is endowed with the ability to
give rise to additional identities when combined through addition or subtraction as an
illustration:

By adding two identities from (1.7.1) in part 1 of summary:

Vo(Vasbsv2b)+\2(Varb—v2b)=2 Vasbsva—b

By subtracting them from each other:

Vo(Vasb+vz25)—\2(Varb—v25)=2\asb—Va—b

Upon consolidation, a novel addition and subtraction identity emerges, resembling the
original ones, namely

Vo(Vasbev2p)c12(Vasb—v2b)=2\"asbrva_b (17.12)

Similar to the above concept, which can be applied to expressions (1.7.2), (1.7.8),
and (1.7.9) in part 2 of the summary, we find:

\Nz V2b+va+h)+21 b+\/\/2 bevarb)—22b={arb+va—b. (1.7.13)
\/\/2v4 AZ—B2+\/2A+2\/A2—B2+2$/A2—Bzi\/\/2V4 A~ B2 A+20 A= B2 A~ B=Y A+ B (1.7.14)

and

\/\/ZVAz—B%\/2VAZ—B%\/2A+2¢A2—BZ+21VA2—BZ
+\/\/2v8 AZ—B2+\/2\4/A2—BZ+\/2A+2\/Az—Bz—Zlﬁ/Az—Bzzlx/G A+B. (1.7.15)

Evidently, we can formulate several distinct nested radical addition and subtraction
identities within the realm of even radicals. Notably, cubic or quintic radicals do not
manifest in this context, as it involves solely a complex radical that incorporates the
complex unit i. However, Srinivasa Ramanujan did manage to generate certain cubic
nested radical expressions, some of which we shall introduce in the next section.

Section 1-8. Nested Radical Generated by Composition cos[(1/2")sin*(x)]
In this section, we will establish the nested radical identities associated with the
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cosine and inverse sine with the structure:

cos(%sin_l(x))with—lsxsl, and ne N=(1,2,3,...}.

We have Sil’l(COSil(X)): \/l—xz_ [See AppendIX l'A.]

Equivalently, it can be expressed as

cosfl(x)zsinfl(vl—xz)forOstl. (1.8.1)
and
cosfl(—x)zsinfl(V1—x2)for—1§x§0. (1.8.1%)

By substituting expression cos(x) from (1.8.1) into (1.2), we have

cos(;—sinl(m))Z%m (1.8.2)

Setting
u=v1-x>

>x=+\V1—u’ for —1<u<l.

Then substituting x into (1.9.1) gives

cos (;—sin_l(u)):%\/2+2\/1—u2.

Rather than employing the variable u in the identity, by substituting u with x, we
achieve the intended outcome:

cos(é—sin_l(x)):;—\/2+2\/1—x2, —1<x<1 1.8.3]

Applying the double-angle cosine formula to the left-hand side of (1.8.3) yields

2 cos 2(Zlsin_l(x))—lzé\/2+2\/1—x2

Hence, by simplifying further, we deduce that
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cos(%sin1x):%\/2+\/2+2\/1—x2, —1<x<1 (1.8.4)

Note that the negative square root of (1.8.4) is disregarded, as the right-hand side
remains positive for -1 < x < 1.

Continuing the process in the manner previously described, we derive subsequent
identities as presented below:

Cos(ésin1(x))=;\/2+\/2+\/2+2\/1—x2, —1<x<1 (1.8.5)
cos(isin1(X)):%\/2+\/2+\/2+V2+2 V1-x*, —1<x<1 (1.8.6)

16

cos(isin‘l(x))zé 2+\/2+\/2+\/2+\/2+2\/1—x2, —1<x<1 (1.8.7]

32

cos(ésin_l(x))Z% 2+ 2+\/2+\/2+\/2+\/2+2\/1x2, —1<x<1 (1.8.8)

COS( 1128 Sinl(x)):;_ 2+ 12+ 2+\/2+\/2+\/2+ 242V1-x", —1<x<1 1.8.9)

cos(zln sin_l(x)):;— 2+4... |2+ 2+J2+\/2+\/2+V2+2V1x2. —1<x<1 (1.8.10)

Section 1-9. Nested Radical Generated by Composition cosh[(1/2")sinh™(x)]

In this section, we will establish the nested radical identities associated with the
hyperbolic cosine and inverse hyperbolic sine in the form:

22



cosh(;—nsinh_l(x)) for —co<x<wandneWN=(1,2,3,...}

where the sinh™!(x) is the inverse function of sinh(x), and is defined as

sinhfl(x)=ln(x+\/x2+1),—003x<oo.

The formula (1.9.1) can be derived from the definition as follows:

cosh(i—nsinh1(x)):cosh(;—nln(x+\/ﬁ))
:;_ (X+\/E)1/2”+(X+m)1/z"]
:%[(\/E.FX)UT.F(\/E_X)UZH]

Chapter 1

(1.9.1]

(1.9.1a)

(1.9.1b)

On the other hand, for real x and by substituting x with ix in each identity ranging
from (1.8.3) to (1.8.10) then applying sin''(ix) = isinh}(x) and cos(ix) = cosh(x), we

derive the subsequent identities outlined below:

cosh ;—sinhl(x)):l V242V14+x*, —co<x<o0

2

cosh ismh %\/2+\/2+2\/1+x —00< X <00

cosh —smh :%\/2+ 2+ 2+2 1+x —00< X< 00

1 1\/ \/
cosh(ﬁsmh =5 2+ 2+ 2+ 2+2 1+x —00< X <00
cosh(%smh \/ \/ 2+ 2+2 1+x —00< X<00

cosh(ismh 2+ 2+ 2+ 2+\/2+2\/1+x , —00< X <00

6
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sinhl(x)):% 2+ |2+ 2+\/2+\/2+\/2+\/2+2\/1+x2, —00< X <00 (1.9.8)

1
h
Cos ( 158

cosh(z—isinh_l(x)):% 4.+ |2+ 2+\/2+\/2+\/2+V2+2V1+x2. —00< X <00 (1.9.9]

By employing the outcomes derived from (1.9.2) through (1.9.9) in conjunction with
formula (1.9.1b) forn = 1, 2, 3,..., we obtain the results presented below:

\/\/x2+1+x+\/\/x2+1—x:\/2+2\/1+x2, —00< X< (1.9.10]
4 4
\/\/x2+1+x+\/\/x2+1—x=\/2+\/2+2\/1+x2, —00<X<00 (1.9.11)

Ei/\/x2+1+x+§/\/x2+1—x=\/2+\/2+\/2+2\/1+x2, —00< X <00 (1.9.12)

2\/Vx2+1+x+2\/\/x2+1—x: 4. 12+ 2+\/2+\/2+\/2+V2+2V1+x2, —00< X <00 (1.9.13)

Section 1-10. Nested Radical Generated by Composition cos[(1/2")tan’(x)]

In this section, we will establish the nested radical identities associated with the
cosine and inverse tangent in the form:

Cos(z—lntanl(x)), XER, neN={1,2,3,...]. (1.10.1)

We know that

tan (sin_l(x)):

1—x°

or
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. 1 -1
s =tan (

el

Substituting the expression for sin“!(x) into (1.2) gives

cos(%tanl(L)):;— 24271 —x° (1.10.2)
1-x°

_1+u2 '
Substituting the expression for x?into (1.10.2) yields

1 ) 1 1 1
cos| > tan (u)|= —oco<y<oo.
2\/1+u \/1+u

By renaming u as x, we obtain

Cos(%tanl(x)):% 242 , —00<X<00, (1.10.3)

2
1+x

Applying the double-angle cosine formula to the left-hand side of (1.10.3) gives

1 -1 1 2
2COSZ(—tal‘1 (x))—lz—\/2+
2 2 V1+x°

Consequently, by simplifying further, we obtain

cos 1—tan71(x) =1 2+,2+ 2 , —00<X<00, (1.10 .4
4 2 142
X

Continuing the process in the manner previously described, we derive subsequent
identities as presented below:
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1 -1 1 2
cos(—tan (x)):—\/2+\/2+ 2+ , —00<X<00
8 2 V1+x

1 -1 1 2
cos(—tan (x))\/2+J2+\/2+ 2+ , —00< X<00
16 2 V1+x®

1 -1 1 2

cos(—tan (x))~/2+\/2+\/2+\/2+ 2+ , —00< X <00
32 2 142

( ))1‘/2+\/2+\/2+\/2+ 24 242 , —00<Xx<00
2 V1+x°

cos(itan_l(x))zl— 24| 24| 24 24424124 242 , —00<Xx<00
128 2 /1+X2

1

cos Ltan_ X
&

N

cos —1tan71(x) Loy N+l oel24( 24 24,24 —2 , —00<X<00
2" 2 1+x

Section 1-11. Nested Radical Generated by Composition
cosh[(1/2")tanh™(x)]

We establish the nested radical identities associated with the hyperbolic
inverse tangent with the structure:

cosh(z—lntanhl(x)), ~-1<x<1, neN=[1,2,3,...],
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(1.10.5)

(1.10.6)

(1.10.7)

(1.10.8)

(1.10.9)

(1.10.10]

cosine and

(1.11.1)



where

tanh_l(x)Z%ln 1+x

,—1<x<1.
1—x

The formula (1.11.1) can be explicitly rewritten as

cosh (;—n tanh~' (x))zcosh (;— . 1—ln 1+x

),—1<x<1

1 1
S | E. 3 P L e I
2 1\1—x 1—x ’
1 1
1+x 7 4 1—x | _1ex<1
1—x 1+x

Chapter 1

(1.11.1q)

(1.11.1b)

On the other hand, upon substituting x with ix in each identity ranging from (1.10.3)
to (1.10.10), then applying tan™(ix) = itanh™(x) and cos(ix) = cosh(x), we derive the

subsequent identities outlined below:

cosh(;—tanh ——4 2+ , —1l<x<1
1 1 / 2
h|=tanh™* :— 24,2+ —1<x<1
Cos (4 an 5 \/7 X

2

cosh(—ﬁtanh ( :— 2+J2+\/2+ \/7 —1<x<1

cosh(%tanh :— 2+ 2+\/2+ 2 , —1<x<1

27
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(1.11.3)

(1.11.4)

(1.11.5)

(1.11.6)
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cosh Ltanh‘l(x) —Llosloe) 242424424 242 , —1l<x<1 (1.11.7)
128 2 1— ¥

amh(iimmmeﬂ):% 24 |24 24| 244 24 24 |24 —2 , —1<x<1 (1.11.8]
1-x°

By employing the outcomes derived from (1.11.2) through (1.11.8) in conjunction
with formula (1.11.1b) forn = 1, 2, 3,..., we obtain the addition identities:

J1+x Jl X _
+
1—x 1+x
18/1” ?/LX_ 2+ 2+\/27 1<x<1 (1.11.10)
X

1§/1+x +1<\s/1—x: 2402424 24 —2— _1<x<1 (1.11.11]
1—x 1+x 1—x°

,—1l<x<1 (1.11.9)

TV1+X + Jl X={o4. 4|2+ 2+l 244 2442+, 2+ 2 , —1<x<1 (1.11.12)
1—x 1+x 1—x°

Section 1-12. Nested Radical Generated by Composition sin[(1/2")tan'(x)],
and sinh[(1/2")tanh™(x)]

1. Composition of Sine with Inverse Tangent - sin[(1/2")tan?(x)]
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The nested radical expressions can be formed by composing sine function and inverse
tangent function with the structure:

sin(z—lntanl(x)), xER, neN={1,2,3,...]. (1.12.1)
Squaring both sides of (1.10.3), we have
cosz(%tanl(x))zi— 242
\/1+x2
=L 1+ 1
2 1+x°
@1—sin2(—tan_1(x)):% 1+ 1
\/1+x2
@sinz(—tanl(x))—l— I
2 \/1+x2
% 2— 2 x=0
2
:sin(%tan_l(x))z 1+x (1.12.2)
L 2— 2 x=<0
2 1+x°

Note:

The expression within the square root on the right-hand side of equation
(1.12.2) is always greater than or equal to 0 for real values of x. Indeed, it
meets the following condition:

,_ 2

\/1+x2

@‘\/1+x2— 1|ZO
<|x[=0.

>0

Although formula (1.12.2) could be rephrased using the sgn(x) function for
simplicity, we have opted not to do so in this book.

To find sin((1/4) tan''(x)), we square both sides of (1.10.4), we have

cosz(ltanl(x))zl— 24,2+ 2
4 4 1+x°
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1 - 1 2
o1- sinz(—tan 1(x)):— 2+\/2+
4 4 1 +x°

By simplifying further, we deduce that

l\/2 2+ 2 x>0
2 1+x°

sin(%tan_l(x))z (1.12.3]
l\/2J2+ 2 x=0
2 1+x°

Following the process in the manner previously described, continuing with (1.10.5)
and proceed to (1.10.10), we derive the subsequent identities as shown below,
respectively:

sin(l—tanl(x)):ii 2—\/2+ 2+ 2 (1.12 .4)
8 2 142
+X

(1.12.5)

2

2+ 2+ 2+ 2+ (1.12.7)

2
1+x

+1
sin(itan%x))+§‘/ \/ 2+ 2+ 2+ XZ (1.12.6)

sin(lé—8tan_l(x)):i;— 2— 2+ |2+)2+ 2+\/2+ 2+\/i (1.12.8
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sin Ltan_l(x) Lo Vs 4| 24] 244 244 24,24 =2 (1.12.9)
2" 2 1+x°

The positive sign is used for all identities when x>0, and the negative sign is used
when x<0.

2. Nested Radical Generated by Composition sinh[(1/2")tanh?(x)]

We can derive the nested radical expressions that result from composing the
hyperbolic sine function and inverse hyperbolic tangent function with the structure

sinh(%ntanh_l(x)), Ix|<1, neN={1,2,3,...], (1.12.10]

where

tanhfl(x):;—ln 1+x

,—1<x<l1.
—X

The formula (1.12.10) can be explicitly rewritten as

sinh(;—ntanhl(x))—smh(Z— In 1+X) —1<x<1,

_ l( ;21 (1 ) ] lexel, (11214)
p=Tis

s

Alternatively, by applying the identities sin(ix) = isinh(x) and tan™(ix) = itanh™(x) in
Part 1, we derive the results as shown below:

17
)2 ] —1<x<1. (1.12.1b)

sinh(l—tanhl(x)):il 2 -2, (1.12.2)
4 2 2
1—Xx
sinh 1—tanhfl(x) :il 2+ 2 -2, (1.12.3)
8 2 1— 52
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sinh(—ltanh_l( :-'_-1— \/2+ 242 (1.12.4)
16 2

-

24,242 (1.12.5)

R

sinh (é tanh !

2+42+,[2+ 2 (1.12.6]

NS

Q\{\

24l 2424424 242 (1.12.7)

-

L1

-2

1 1
h|{— tanh™" : =
sin (64tan +5 \/
L1

2

sinh 1 tanh ™'
128

sinh(zintanh_l(x))zi% 24 4|24l 240 24y 24 24 —2— 2. (1.12.8)
1—x°

The positive sign is used when 0<x<1, and the negative sign is used when -1<x<0.

By employing the outcomes derived from (1.12.2) through (1.12.8) in conjunction
with formula (1.12.1b) forn = 1, 2, 3,..., we obtain the subtraction identities:

41+x  41—x 2
A\l — =+ -2, —1<x<1 1.12.9
1—x 1+x 11— X ( )

\/“X \/ | 2422 —1<x<l (1.12.10)
1+x 1— 2

\/1+x 1f\s/1—x:i 2+ |04 2 —2, —1<x<1 (1.12.11]
1+x 1—-x°
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2M\/“X —2"\/1_":1 24 4|24 244 2424, 24 —2— 2 —1<x<1 (1.12.12)
1—x 1+x 1— 2

(The positive sign is used for 0<x<1, while the negative sign is used for -1<x<0.)

Section 1-13. Nested Radical Generated by Composition tan[(1/2")tan*(x)],
and Composition tanh[(1/2")tanh™*(x)]

1. Nested Radical Generated by Composition tan[(1/2")tan*(x)]

We establish the nested radical expressions associated with the tangent function and
inverse tangent function with the structure:

tan(2—1ntan1(x)), XeR, neN=[1,2,3,...). (1.13.1)

Given that the cosine and sine of (1/2™tan!(x) have been determined in Section 1-11
and Section 1-12, establishing the tangent function becomes straightforward. Below,
we present a summary of the derived identities.

sin(;—tan_l(x))
Cos(;—tanl(x))

tan(é—tan_l(x)):

x>0
= A —— (1.13.2)
2
_ \/1+x -1 x<0
\/1+x2+1
(1.13.3)
4 2 4/ 2
tan(éthan_l(x))= 2V1+x 2+2V1+X , x>0 (1.13.34a]
2\/41+x2+\/2+2\/1+x2
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, x<0

1 ) 24\/1+x2—\/2+2\/1+x2
tan | 7~ tan (x)]=—
24\/1+x2+\/2+2\/1+x2

1. 210\ 2%/1+x2—\/V2+2\/1+x2+2<1/1+x2
tan gtan (x)]= ,  x=0.
2§/1+x2+\/\/2+2\/1+x2+24\1/1+x2
8 2_\/\/ 2,04 2
tan(étan_l(x)):_ 2V1+x 24211+ X421 1+x  x=o.
281+x2+\/\/2+2\/1+x2+24\l/1+x2
\/ 2,4 2,48 2
tan(itan_l(x : Vi+x? 2+2\/1+x #2114 420 14x  x20
1+x +\/ 2+2\/1+x +2\/1+x +2\/1+x

, x=<0

tan(Ltan_l(x)
16

szt
): 2¥14x \\// 242014042V 1424211 +x°

2 \/1+x + \/2+2\/1+x +2\/1+x +2\/1+x

tan(Ltan_l(x))— \/1+X \/\/\/\/2"’2\/1""‘ +2 \/1+X +2\/1+x +2 \/1+x
32 -
2 \/1+X +\/\/\/ 2+2\/1+x +2\/1+x +2\/1+x +2 Vl+x

1 -1 _ 2 1+x \/\/ 2+2\/1+x+2\/1+x+2\/1+x+2\/1+x
tan | - tan (x)]=—

2 +x +\/\/ \/2+2\/1+x +2\/1+x +2\/1+x +2 \/1+x
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(1.13.3b)

(1.13.4)

(1.13.4q)

(1.13.4b)

(1.13.5)

(1.13.5q)

(1.13.5b)

(1.13.6)

x>0 (1.13.64]

x<0 (1.13.6b)
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(1.13.7)
tan(z—lntan_l(x))— 1+x \/\/\/ 2+2\/1+x +2\/1+x +...+2 \/1+x x>0 (1'13'70)
V1+x2 +\/\/\/ 2+2\/1+x +2\/1+x ro 42 144
J J :
tan(Z—lntanl(x))z— 2\/1+x — 2+2\/1+x +2\/1+x r 42 V14x X<0 113.7b)
2\/1+x +~/ 2+2\/1+x +2\/1+x+ +2 \/1+x

Note: We can express both negative and positive values of expressions (1.13.2) to
(1.13.7b) by using the absolute value of x, which is defined as

e |X] =xwhenx =0
* |X] = -xwhen x < 0.

If we set x = a/b, then (1.13.7a) and (1.13.7b) become

(1.13.8)
) 1(0) ) 2((12+b2)1/2”—(((Za+2(az+b2)l/2)+2(az+b2)l/4)1/2__'+2(az+b2)l/2ml)1/2 1/2 y (1 . )
tan 2_"tan b’'|” 2 1 2\1/2 2 12\1/2 s o\1/4\172 5y o122 > 4= 204
2((1 +b) +(((2a+2(a +b ) )+2(a +b) ) ...+2(a +b) )
. w172 \1/2
. a))=— z(az”bz)l/z_(((2‘”2(“2”1’2)1/2)*2(az+b2)1/4)l/2---+2(02+b2)1/z )1/ : ,a<b (1.13.8b]

1/2

2(a2+b2) +(((2a+2(az+b2)1/2)+2(a2+b2)1 /4)1/2...+2(a2+b2)1/2ﬁ)1/2

2. Nested Radical Generated by Composition tanh[(1/2")tanh?(x)]

We establish the nested radical expressions associated with the hyperbolic tangent
function and inverse hyperbolic tangent function in the form:

tanh (ZL" tanh ™" (x)) , where|x|<1,andne N={1,2,3,...}. (1.13.9]

By applying the identities tan(ix) = itan(x) and tan!(ix) = itanh(x), we easily
transform the identities from (1.13.2) to (1.13.18) of Part 1 to the form of hyperbolic
tangent (1.13.9). Below, we present a compilation of the derived identities.
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sinh(;—tanhl(x))

tanh (— tanh ™' (x )) =
2 1
cosh (2— tanh '

0<x<l1
_ (1.13.10)
—1<x<0,

tanh (Athanhl( ):
\/2+2\/1—x +2\/1—x

\/muﬁ -2V1- ¥ (1.13.12)

tanh(;tanh s
2+2\/1 x+2\/1 x+2\/1 x

tanh (1— tanh '

et
j 2+\/1 x+2\/1 x+2\/1 x'=2 \/1 x* (1.12.13)

2+2\/1 x+2\/1 x+2\/1 x*+2 \/1 x°

tanh [ — tanh ™'
32

\/:// 2+2\/1 X+2\/1 X+2\/1 X’ +2 \/1 x’=2 \/1 X’ , (1.13.14)

2+2\/1 x+2\/1 x+2\/1 x+2\/1 x+2\/1 x°

2+2\/1 x+2\/1 x+2\/1 x*+..2 \/1 x—2\/1 X. (1.13.15)

tanh ( tanh ! \/
: \/

2+2\/1 x+2\/1 x+2\/1 xX*+...2 \/1 x+2\/1 x°

All expressions, (1.13.10) - (1.13.15), are positive when 0<x<1, and they are
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negative when -1<x<0.

Moreover, if we set x = b/a, where a and b are real nhumbers, then (1.13.15) becomes

1/2 1/2

w2l ) ol

B '+2(a2_b2)1/2~71)1/2+2(az_b2)1/2,,

(((2a+2(a2—b2)1/z)+2(az—bz)m)

(((2a+2(a—0?)"*)#2la*~5%)")

, (1.13.16)

1/2

1 —1/d
tanh| —tanh "(—) |=%
an (2n an (b))

The expression (1.13.16) is positive when 0<a<b, and it is negative when -b<a<0.

3. Establish Algebraic Identities

We establish algebraic identities based on the findings presented in Part 2 and the
definition of hyperbolic tangent and inverse hyperbolic tangent as follows:

* The inverse hyperbolic tangent is defined as
1 1+x
—In

2 (1—x

tanh ™' (x)= ) —1<x<1. (1.13.17)

» Let n be a real number. Then we have

tanh(1—tanh_l(x)):tanh(iln(l-'-x )) (1.13.17)
2n 1—x
1+X 1/2n 1+X —1/2n L o
) 1_X) (1_X) Using (1+x) :(l—x)
- Tex V72" [14x 172 1—-x IT+x
1—x) +(1—x)
1+X )I/Zn (1_X)1/2n v l 1 dd ‘ b
- t t t
_ 1—x 1+x u lpl YZ?umeral(/)Zrnan enominator by
T(1ax V2 [1—x |2 (1=x""*"(1+x]
1—x) +(1+x )
_(1+X)2/2n (1 X2/2n
(1+X)2/2n+(1 )Z/Zn
_(1+X)1/n_(1 X)l/n
(1+X)1/n+(1_ )l/n
tanh(l—tanh_l(x))zn1+X_n 1_X. (1.13.17a)
n Vi+x+V1—x

Therefore, by substituting n with 2", we derive the desired general formula for the
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composite of hyperbolic tangent with inverse hyperbolic tangent with xe(-1,1):

tanh(—tanh ) ;“X—”l X (1.13.17b)
2" Vi+x+V1l—x

Now, by combining (1.13.17b) with each identity ranging from (1.13.10) to (1.13.15)
forn =1, 2, ..., n, we obtain the following subsequent identities:

1 x

(1.13.18)

1+ 1 x°

@1+x—@1—x ¢2V1+x ¢1+ 1+x (11319)
4 4 i
Viex+i1-x ¢2V1+x+¢1+ 1+x

V1+x—V1—x V1+x'— 2+2\/1+x +2V1+x’ (1.13.20

=+
—_ b

1+x + 2+2¢1+x +2¢1+x

W¢¢¢
1+x— 1—x 1+x 242V1+X°42V1+ X742V 1+ X’ (1132ﬂ

b

1+x + 2+2¢1+x +2¢1+x-+2¢1+x

2+2¢1+x +2{14x' 42114042 V144 (1.13.22)

)

V1+x—V1 X _ 1+x
1 X

1+x+

2

2+2¢1+x +2¢1+x +2¢1+x +. 2 1+x (11323)

1+x +\/ 2+2\/1+x +2\/1+x +2\/1+x +2 \/1+x

V1+x—V1 X _ 1+x
V1+x+V1 X JJ
21+ 5%+ \/V2+2¢1+x2+2V1+x2+2%+x2+...22"v1 1+

where the positive sign is used when 0 < x <1, and the negative sign is used when -1
< X < 0. Importantly, the identities remain valid for all x when they are complex

numbers.
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Section 1-14. Nested Radical Generated by Composition sin[(1/2")sin(x)],
and Composition sinh[(1/2")sinh™(x)]

1. Nested Radical Generated by Composition sin[(1/2")sin™(x)]

We develop the nested radical expressions associated with the sine function and
inverse sine function with the structure:

sin(z—lnsin_l(x)),—1$xsl, nem. (1.14.1)

A. Half Angle Sine Formula
To derive half angle sine formula, we begin by squaring both sides of (1.8.3), yielding

cosz(%sin_l(x))z1—(1+\/1—x2).

2

Next, employing the Pythagorean trigonometric identity to the left-hand side of the
expression and simplifying further, we get

sinz(l—sinl(x)):l (1—@).

2 2

Taking the square root of both sides leads us to the final result,

2-2V1—x> for 0<x<1
(1.14 .2

sin (%sin_l(x))z

—=V2—2V1—x> for —1<x<0.

1
2

L
2

The expression on the left-hand side of (1.14.2) is defined -1<x<1 due to the
restriction on the domain of the inverse sine while the domains on the right-hand side
of (1.14.2) are determined as follows:

[2—2 1-x°>0 :[ V1—x°<1 :[ x°=0 N 0<x<l1

and 1—x°>0 and—1<x<1 and—1<x<1 or—1<x<0.

B. Quarter Angle Sine Formula

The half angle sine formula emerges as a consequence of applying (1.14.1) with n =
2. To derive this result, we begin by squaring both sides of (1.8.4), yielding

cosz(jT sin_l(x)):i—(2+ V242 D)
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Applying Pythagorean trigonometric identity and deducing that

sinz(i—sin_l(x))ZAlT(Z—\/2+2\/1—x2).

Taking the square root of both sides, gives the final result

%\/2—\/2+2V1—x2 0<x<1

sin(%sin_l(x)): (1.14.3)

—;—\/2—\/2+2V1—x2 —1<x<0.

Following the established procedure, we proceed to deduce the subsequent identities
of (1.14.1) when n = 3, 4, 5,...n, as presented below:

sin(é—sin1x)=+1—\/2—\/2+\/2+2\/1—x2, (1.14 .4)

2
sm(%smlx):i%\/z \/2+\/2+\/2+2\/1—x2, (1.14 .5)
sin(%sm x) +;\/2\/2+\/2+\/2+\/2+2\/1x2, (1.14.6)
sin(ésin_lx) +\/2 2 2+\/ 2+ 2+2 1-x° (1.14.7]

sin(ism‘lx) +— 2— 2+J2+ 2+ 2+\/2+2\/1—x2, (1.14.8)

128
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2

sin(?lnsinl(x)):il 2—12+... 2+\/2+\/2+\/2+\/2+2\/1—x2. (1.14.9)

In each of these equations spanning from (1.14.4) to (1.14.9), the expressions on
the right-hand side exhibit consistent behavior: they are positive for 0 < x <1 and
negative for -1 < x < 0.

2. Nested Radical Generated by Composition sinh[(1/2")sinh?(x)]
We construct the composition of the hyperbolic sine with its inverse in the form

sinh

Z—asinh_l(x)), XER, neN={1,2,3,...]. (1.14.10)

A. Half Hyperbolic Sine Formula
By applying the identities sin(ix) = isinh(x) and sin“!(ix) = isinh*(x) in (1.14.2), we

deduce that
%V2—2¢1+x2
V2—-2V1+x°.

isinh (% sinh ™' (x)) =

N =

Because 2(1+x?) is greater than 2 for all x, the expression can be rewritten as
Ly2y1+x*=2
. . 1 ., 2
isinh Esmh (x) = R
—%¢2V1+x%—2.

Then, by simplifying both sides with i, we obtain the formula

2V1+x°—2 forx=0
2V1+x*=2 for x<0,

ﬂnh(é%shﬂll(x)): (1.14 .11)

N N
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which is the result from the setting in (1.14.10) when n = 1.
B. Quarter Hyperbolic Sine Formula

Similarly, by substituting the identities sin(ix) =
(1.14.3), we deduce that

1 \/2—\/2+2\/1+x
\/ 2+2\/1+x2

|\.?|b—k

\/2+2\/1+x -2

|
\/\/2+2 1+x°=2 .

18
2

i
2

Upon simplifying both sides with i, we obtain

1—\/ 242V1+x°—=2, x>0
. 1 ., ]2
sinh Zsmh (x)|=

—;—\/ 2+2\/1+x2—2, x<0,

which is the result from the setting in (1.14.10) when n = 2.

isinh(x) and sin’(ix) =

Chapter 1

isinh(x) into

(1.14.12)

In the same manner, employing the identical approach yields other subsequent

identities of (1.14.10) when n = 3, 4, 5,...

;\/\/2+\/2+2M—2,
1(x)): %\/\/2+\/2+\/2+2m+2,

n, as presented below:

sinh (% sinh™* (x))Zi

sinh L sinh™
16

\/2+\/2+\/2+\/2+2\/1+x2—2,

42
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— =+
sinh (32 sinh (x)) +

(1.14.13)

(1.14 .14

(1.14 .15)
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sinh(é sinh_l(x)):-_'-% 2+\/2+\/2+\/2+V2+2V1+x2—2, (1.14.16)

2+ 2+\/2+\/2+\/2+V2+2\/1+x22, (1.14.17)

N =

. 1 . _
smh(128 sinh (x))—i

sinh(%sinh_l(x)):i% 2+... 2+\/2+\/2+\/2+\/2+2V1+x2—2, (1.14 .18)

or displaying (1.14.18) in “another form style”,

sinh(%sinh_l(x)):i% \/\/\/VzV1+x2+2+2+2+2+...2—2. (1.14 .18)

In each of these equations spanning from (1.14.13) to (1.14.18), the positive sign is
used when x is greater than or equal to 0, and the negative sign is used when x is
less than or equal to O.
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Section 2. Some Special Nested Radicals

As we mentioned in Part 3 of Section 1-2, we have yet to discover a nested radical for
odd numbers that consists of only two terms on its left hand side while ensuring that
the expression on its right-hand side is free from the complex unit 'i' and doesn't
duplicate the original two terms from the left hand side. While conducting online
research, we came across an elegant cubic radical identity originally unearthed by
Srinivasa Ramanujan who gave the radical with three terms as shown below:

%(m+f/4(m—2”)(4m+n)—i/2(m—2n)2):\/m3/4m—8n+n3/4m+n,

where m and n are arbitrary.

This distinctive formula originates from Ramanujan's Notebooks, Part IV [3],
meticulously compiled by Bruce C. Berndt. Fortunately, we also explore similar
formulas for quintic, septic, and nonic nested radicals that share the same patterns as
those Ramanujan discovered. We will present the findings in the following sub-
sections.

Section 2-1. Quintic Nested Radical (Fifth Root)

We present the finding of quintic nested radical expression through transformation
method. Let m and n be arbitrary and we observe that:

(mz—n2+mn)3=m(3n5+m5)+n(3m5—n5)—5 m’n’. (2.1.1)

Setting

5 5
3n+m =a

and

3m —n’=b,
where a and b are real numbers.

Upon solving for m and n in terms of a and b, we derive:

a+3b\"®
m=
10

and
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3(1—b 1/5
%" -
By substituting the expressions for m and n into (2.1.1), we get

a+3b DG_ 3a—b 2&+ a+3b \"5(3a—b U53: a+3b 1wa+ 3a—b usb_s a+3b V¥ (3a—p \*"°
10 10 10 10 10 10 10 10

Simplifying further, we obtain nested quintic radical (fifth root),

Vm+3bf—7@a—bf+$3&f—bﬂ+8ab JlOaVa+3b+10b 5¢ b*)+8ab]’. (2.1.2)

Section 2-2. Septic Nested Radical (Seventh Root)
Similar to section 2-1, we observe another algebraic expression,
(m2—3n2+3mn)4=m(m7—324n7)+3n(27n7+4 m7)+42m2n2(9 n4+m4)—189 m*n* (2.2.1).

By setting
m’—324n"=a

and

27n"+4m’=b,
where a and b are real numbers.
Solve for m and n in terms of a and b, we obtain

_(a+12b "7
|49

and
b—4a\”’
n=
boae )

Substituting the expressions m and n into (2.2.1) yields the septic radical (seventh
root):

2 2
(/ a+12b _3(/ b—4a +3§/ a+12b\(b—4a)_ (2.2.2)
49 1323 49 1323
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4a§/a+12b +3b§/ b—4a +§/ a+12b V[ y—4a \’ 9§/ b—4a 4+(/ a+12b \* _189§/ b—4a |(a+12b |
49 1323+42 49 )\ 1323 1323 49 1323 \ 49

Section 2-3. Nonic Nested Radical (Ninth Root)
Let m and n be real numbers, we observe that

(m2—2n2+mn)Szm(m9+80n9)+n(5m9—32 ng)—30m3n3( 4n4+m4)+ 15m4n4(2 nz—m2)+81m5n5. (2.3.1)

By setting and

m’+80n’=a 5m’—32n’=b,

where a and b are real.
Solving for m and n in terms of a and b, we obtain

2a+5b\""”’
m=
27

and

SG_b 1/9
n= .
( 432 )

By substituting the expressions m and n into (2.3.1), which gives the nonic nested
radical in this form,

5
2 2
!\9/ 2a+5b _25\3/ 5a—b +§/2a+5b i/Sa—b _ (2.3.2)
27 432 27 432
92a+5b ., 9 5a—b 32a+5b 35a—b |  9(5a—b\* 9(2a+5b "
a +b —30 4 +
27 432 27 432 432 27
S\J/2a+5b 49\)/ 5a—b\" 9\>/5a—b ? 9\)/2a+5b 2 9\)/2a+5b Si/ 5a-b\
+15 2 - +81
27 432 432 27 27 432
Taking the fifth root of both its sides gives

9(2a+5b\" _9(5a—b Y\ §/2a+5b dSa—b_
\/( 27 )_2\/( 432 )+ 27 432~ (2.3.3)
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?/2a+5b s\a/ S5a—b §/2a+5b§/5a—b §/5a—b 4 s\a/2a+5b 4
a +b —-30 4 +
5 27 432 27 432 432 27
§/2a+5b “s\a/ 5a—b\* s\»/ S5a—b\ 5\9/2a+5b 2 §/2a+5b ST/ 5a—-b\
+15 2 — +81
27 432 432 27 27 432

Section 3. Complex Radical Subtraction and Addition Formulas

In this section, we extend the scope of the formulas of radical subtraction and
addition to encompass a form of complex radicals.

Section 3-1. General Subtraction and Addition Formulas

We present a method to express a form of the complex radical in other several forms.
Before we do it, let us recapture what we already know. The concept of representing
complex numbers in the form [4]:

a+ib=r(cosf+isinf), where r:\/az+b2,and6=tan1(%). (3.1)

Formula (3.1) is known as Euler's formula and is used to represent complex numbers
in the polar form, in which:

+ aand b are real numbers.

* a represents the real part of the complex number.

* b represents the imaginary part of the complex number.

* rrepresents the magnitude (or modulus) of the complex number.
0 represents the argument (or angle) of the complex number.

Please note that while it is possible to simplify formula (3.1) using the cis function for
clarity, we have chosen not to use this approach in the subsequent section. This
decision is to ensure that readers can closely follow the detailed overview of each
expression as we progress.

Now, let n be a real humber, raise each side of (3.1) to the power 1/n, and apply de
Moivre's theorem [5] to its right-hand side, we obtain the general addition complex
n™ root,

(a+ib)l/n:(a2+b2)1/<zn>[cos (i—tan_l(g))ﬂ' sin (%tan_l(g))]. (3.2]
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By replacing b with -b, which gives a form of subtraction complex n™ root,
(a—ib)l/":(a2+b2)1/(2")[cos(1—tan1(2))—isin(1—tan1(2)) .
n a n a

If we replace n with o into both (3.2) and (3.3), we deduce that

(aiib)1/2"2(02+b2>1/2m[cos (Ltanl(a—))iisin(l— tanl(é))]. (3.3q)
2n b 2n a

Next, we establish two formulas: Complex Radical Subtraction and Complex Radical
Addition.

General Complex Radical Subtraction Formula
By subtracting (3.3) from (3.2), we obtain the subtraction formula,

(a+ib)""—(a—ib)" "=2i(a*+b*) "sin (% tan ' S) (3.3b)

Formula (3.3b) illustrates an important result as two complex n™ roots are subtracted
from each other, the result is a complex number.

General Complex Radical Addition Formula
Adding (3.2) and (3.3) yields the addition formula,

(a+ib)" "+(a—ib)" "=2(a*+b*)' " cos (i— tan_llal). (3.3¢)

Formula (3.3c) demonstrates that the addition of two complex n™ roots yields a real
number as the result.

Section 3-2. Complex Formulas for Adding and Subtracting 2™" Radicals

We present formulas for adding and subtracting 2™" radicals. By employing formula
(3.3a) in conjunction with the cosine and sine formulas from Sections 1-10 and 1-12,
we can derive a closed-form for the expressions of 2", 4t 8% ..., and 2"" radicals.
We then subsequently establish formulas for their complex nested radical expressions
in both subtraction and addition.

1. Square Root of (axbi):
By substituting cosine from (1.10.3) and sine from (1.12.2) for into (3.3a) for n = 1,
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and then setting x = b/a, we derive the following expression:

\/a+ib:;\4/a2+b2(\/2+ 2a +i\/22")
2

\/a2+b2 b’+a

=\/2—2 V\/a2+b2+aiig\/Va2+b2—a

Therefore, the square root of (a + ib), when considering the positive sign, yields:

ngvm+a+igvm—a. (3.4)

Similarly, by replacing b with -b, the square root of (a - ib) can be expressed as

\/a—ib:ig(\/\/ﬁ+a—i\/m—a), (3.5)

g(\/\/aﬁbﬂa—i\/m—a), a=b (3.5a)
—@(\/\/a2+b2+a—i\/\/a2+b2—a), a<b (3.5b)

\/a—ibz

Notice that the identity remains valid when a and b are arbitrary complex numbers.

Example. Use (3.5a) with a = 5, b = 2, we obtain a closed form of the square root of
5+2i,

\/5i2i:\/2—2\/\/279+51i\/72\/\/2—9—5.

Complex Square Root Addition Formula

The formula of complex square root addition is derived by adding (3.4) and (3.5) as
follows:

Ja+ib+Va—ib=\2Vd+b +a. (3.5¢)

Example. By puttinga =7, b = 3 in (3.5¢), the result is a real number,
V743ie7-3i=V21 7243247212158 47.
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Complex Square Root Subtraction Formula
By subtracting (3.5) from (3.4), we obtain the subtraction formula,

\/a+ib—\/a—ib:i- 2Va’+b’—a. (3.5d|

Example. Using (3.5d) with a = 7, b = 3 gives the result as a complex number,

V743i=v7—3i=i\2172+32+7=i 258 -7

2. Fourth Root of (axbi):

Similarly, by substituting cosine from (1.10.4) and sine from (1.12.3) into (3.3a) for
n = 2, and then setting x = b/a, we derive the following result:

(aiib)1/4:%(a2+b2)l/8 2+ 2+ 2 _iil- e—2
2 2
\/1+(ll) 1+( )
a
By simplifying further, we deduce that

a+1b——(\/ \/a +b +\/2\/a +b’ +20+l\/ \/H \2 a+b +2a) (3.6)

Q|o

and
\ %[\/ﬁaﬁbﬁvﬁa%b%za—i\/2V4a2+b2—V2va2+b2+2a], a=b (3.7q)
a—ib= (3-7)

—;—l\/2</612+b2+\/2\/a2+b2+2a—i\/2\/4 a’+b’— \/2Va2+b2+2a], a<b. (3.7b)

Complex Fourth Root Addition Formula

The complex fourth root addition formula is derived by adding (3.6) and (3.7a) as
follows:

ﬁ/a+ib+i/a—ib=\/2 \/4 a2+b2+\/2\/a2+b2+2<1.
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Complex Fourth Root Subtraction Formula

Similar, the complex four root subtraction formula can be obtained by subtracting
(3.7a) from (3.6):

ﬁ/a+ib—<‘/a—ib:i\/2v4 a@+b*—\2Vd’+b*+2a

3. Eighth, 16", 32th, ..., 2"" Roots of (axbi):

In the same manner, employing the identical approach yields other subsequent
identities of (3.4) and (3.5) when n = 3, 4, 5,..., as presented below:

)1/8:]__ (az+b2)1/16

(a+1b 5

2 i e

SOMERRE

(a—ib)*=+=(a+p?) "] |2+ [2+ |2+

W
©

I+
N =

5 Adding (3.8) and (3.9) gives
(a+ib)' *+(a—ib)"*=(?+b*)"" " 2+ 2+ [24——=—,  Complex 8" Root Addition

/ (b )2’ Formula.
1+ =
a

Subtracting (3.9) from (3.8)
gives Complex 8 Root

b )2 Subtraction Formula.

a

(a+ib)1/16:;—(a2+b2)1/32 2+ 2+ 2+ , (3.10)

2
2
1+(2)
a
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(a—ib)l/w:i

;—(a2+b2)1/32 2+ 2+ 2+\/2+ 2 i12—1/2+ 2+\/

Vi+(b/a) -

2

+—= | (3.11)
\/1+(b/a)2

Adding (3.10) and
(3.11) gives Complex

(a+ib]" " +(a—ib]" =@ +b*)" P 24 24 24 24 —2 (3.12) 16" Root Addition
\/1+(b/a)2 Formula.
Subtracting (3.11)
from (3.10) gives
(a+ib)1/1€'—(a—ib)1/16:i(a2+b2)1/32 212404 2+—2,(3.13> Complex 16™ Root
V1+(b/aP Subtraction Formula.
(a+ib)1/2":3—(a2+b2)1/2m 24 24424 2402 il 2244 24, 242 ,  (3.14]
V1+(b/a) V1+(b/a)f
(a—ib)”2n=i§(az+b2)mm 24244 24, 242 il otoa/24. [24—2 | (3.15)
V1+(b/a)f V1+(b/a)
Adding (3.14) and
(3.15) gives Complex
(a+ib)"? +(a=ib)"?=(a+b?)"* | 241 24/ 2+... |24 —2— (1.16) 2"" Root Addition
V1+(b/a) Formula.
Subtracting (3.15)
from (3.14) gives
(a+ib)"* ~(a—ib)"*=ila+b?) > | 2=} 24 24..., [24-—2—(117)  Complex 2" Root

V1+(b/af

Subtraction Formula.

Formulas (3.14), (3.15), (3.16) and (3.17) comprises n layers of square roots,
excluding the square root of (1+b?/a?). The positive sign of identities (3.9), (3.11),
and (3.13) is used when a = b; otherwise, the negative sign is used.

Note that the algebraic expressions in this chapter remain valid even when a, b, m, n,
A, or B are treated as arbitrary numbers, deviating from their initial assumption as

real numbers.
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Miscellaneous Examples

Example. Determine the radical expression for the half, quarter and 1/2™" of the
lemniscate sine function [6], as given by

sin (;— sin_l(x))

Cosh(é—sinhl(x))

sl(;—arcsl(x)):

and

sl(i—arcsl(x)), (4.2)

where sl is the lemniscate sine function and arcsl is the inverse function of sl for x
within the interval [-1, 1].

Solution. By applying the following two formulas

sin(%sin_l(x))Z;—\/Z—ZD

and

cosh(i—sinh1 (x)):%\/2+2 V1+x®

in (4.1), which gives:
sin 1—sinfl(x)
_ 2

cosh(;—sinh_l(x))

sl(é—arcsl(x))
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:\/1— 1—Xx (4.3)
1+\/1+x2
Thus, (4.3) is the radical form to the half of given expression (4.1).

2. Next, we need to derive the outcome of (4.2). First, by replacing x with sl(x), we
can rewrite (4.3) as a form of the half angle:

sl(i)zj%m (4.4)

2
3. Hence, continue replacing x with x/2 gives

afx)- 1m
sy

4. Applying (4.4) in (4.5) and replacing x with arcsl(x) gives

2
1y -1z =X
1 B 1+\/1+x2
sl Zarcsl(x) =

(4.6)

2

1+\/1+—1\/1X
1+V1+x°

Simplifying further gives the radical form of the quarter of the lemniscate sine:

sl(l—arcsl( ) \/1+¢1+X —W1+x 21— x?
\/1+\/;+\/2+\/; \/:

5. Repeat the step 2, replacing x with x/2 into (4.6) and applying (4.4), we get

(4.7)
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1-V1—slx

1+V1+sEx

1-V1—sl’x

2
sl(i)— 1+V1+slx (4.8)
1—-V1—sIx

+
1+V1+slx

1—\/1—slzx
1+\/1+lex

1J1
1—¢l1—
1+J1+

I—Jl—
1+ 1+
1+J1+

Then substituting x by arcsl(x) gives

sl (é— arcsl(x)) =

By simplifying further, we deduce that

Wirlrer s fiopes -
TR R

sl (é— arcsl(x)) = \/
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Continuing replacing x with x/2 and scaling by a factor 1/2", we derive a set of nested
radical identities for nth radical, as illustrated below:

1-V1—x°
1—-41—.. 41l ———F—=r
1+V1+x°

1—(1—
2
14 {14, 1oV X

2
1+V1+x (411)

sl(zinarcsl(x)):

1-V1-x°

1—-41—.. 4/l —————
1+\/1+x2

L1 1-x°
1+V1+x°

(It consists of n nested square roots, excluding the square root of (1£x?).)

1+ 1+

1

Noting that we also investigate for the half and quarter of the lemniscate cosine
function and its inverse, denoted as cl and arccl. It yields comparable results,
however, their algebraic patterns do not exhibit a certain symmetry as the sl function.
The following outcomes are presented for reference.

1 _ m+\/5x
Cl(iarccl(x))— FT.H/E (4.12)

3 2\/1+x2+\/2(1+x2)+\/5\/\/1+x2+\/5x+2 2x+YV2+2 (4.13)

1
cl(—arccl(x))—
4 2\/1+x2+\/2(1+x2)+2 2 x+\2+2

Proof. See Appendix Miscellaneous Proofs, [1-B-2].

Example. Evaluate integral fcos(%cos_l(x))dx (4.14)

Solution. The integral (4.14) can be challenging to evaluate using trigonometric
functions in Calculus. Readers may utilize a powerful computational tool such as
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Wolfram or Matlab, as the result can be very complicated at the time of writing this

book. To solve this integral, we use (1.5) in the following steps:

fcos(-—cosl )dx Ji—v2+ 2+2 xdx

Let ,=+2x+2. Then take derivative,
1

V2 x+2

du= dx=dx=udu.

By substituting in (4.12a), which gives

:%fVu+2udu

Let ;=\, +2=>y=¢*—2. Then du = 2tdt.

Substituting u and du into (4.14b) yields the following.
:lf t(2=2)2¢dt

t4
5
=L 2p,¢
5 3
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Relationship Between Trigonometric Functions
and Inverse Trigonometric Function Table

Each entry of the following Table II shows the composition formula for a specific
trigonometric function and its inverse for positive real value of x with the scaling
angles 1, V2 and Va.

Table II - Relationship for Scaling Angles 1, /2 and 4

COS(COSil(X)):X sin(sinf1 (x)):x

cos(;—cos_l(x)):\/%Z%\/2+2x sin(%sin_l(x)):% (2211«
R I

csc (sin_1 (x)) =

o csc(lzsinl(x)):—fzi/ﬁ
sec(j?cosl(x))zé csc(i—sin_lx)z 2
241242 J

> |~

sec (cos_1 (x)) =

N

2—\/2+2\/1—x2

tan [tan”'(x])=x cot(tanfl(X)):l
X
1 -1 _ \/1+x2—1_\/1+x2—1 1 -1 _ \/1+x2+1 _\/1+x2+1
tan|=tan '(x)|= = cot| = tan ' (x)|= =
\/1+x2+1 X 2 \/1+x2—1 X

58



Chapter 1

1

|_L

T rec PR LR )h
2\/7\/2 2\/1

' sin| cos

1, L cos () |2 Lo
\/1_ sm(2cs (x))—z 2-2

\/ o212 Sm(i_c 1 ):;_ 2242
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Appendix 1-A: Various Proofs Relate Trigonometric Functions
and Inverse Trigonometric Functions

We provide various proofs for selected formulas that relate trigonometric functions
and inverse trigonometric functions in Table II. These formulas are arranged in
sequential order, where the first formula serves as the basis for proving the
subsequent formulas in the order presented.

1. cos{cos ' (x))=x (1)

2. sin(cosfl(x)):\/ 1—x* (2)

By setting y = cos™*(x), we can deduce that x = cos(y). Upon squaring both sides, we
obtain

x*=cos’(y].

Applying Pythagorean trigonometric identity, we have

sinz(y)zl—x2

Taking square root on both sides and after that substituting y back in, we obtain the
result,

sin{cos ™! (x))=V1—x%.
3. cos,(silfl(x)):\/l—x2 (3)

Take inverse sine of both sides of (2), we have

cos_l(x)zsin_l(\/ 1—x2).
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Replacing x with ,/1_42 gives

cosfl(\/ 1—x2):sin71(x).

Then take cosine both sides, which gives

cos(sin_l(x))=\/ 1-x°.

X

tan(sin_l(x))z (4)
1-x°
By using the definition of tangent function, we have
tan (sinfl(x) :sin(sin‘l(x)) __ X
Cos(sin_l(x)) \/1—x2
sin(tanfl(x))z X 5
1+x°
From (4), we can get
sin [ tan ' —X— | =x (5a)
1-x°

By setting u= =
1—x

we deduce that u?(1-x?) = x? then rewrite as x?(1+u?®) = u?. Take square root of both
sides gives

u

Xx= .
2
1+u

Substitute x into (5a) gives Sin(tan_l(U))—\/%- Rename u as X, and it follows the result
u

in (5).

6. sin(tan_l(x))= 11 - (6)
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By squaring both sides of (5) and applying the Pythagorean trigonometric identity,
which leads to the desired result.

7. tan(tan"'(x))=x 7)

8. cot(tan_l(x))z (8]

> |

9. cot(sinl(x))=1%x2 (9]

By applying the identity cot(x) = 1/tan(x) in (4), which follows the desired result.

L (10)

10. sin(cot_l(x))=
1+x°

By following a procedure similar to the one described in (5), we can achieve the
desired outcome.

11. Cos (cotf1 (x)):L

2
1+x

(11]

By squaring both sides of (10) and applying the Pythagorean trigonometric identity,
we obtain the result (11).

12, sec(sec ' (x))=x (12

13. COS(SEC_l(X))

[l
X |
—
w

14. sin(secfl(x))z x—1 (14

By squaring both sides of (13) and applying the Pythagorean trigonometric identity,
we have

sinz(sec_l(x))z 1-—.
X
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Take square root of both sides gives

Jf—l

X

15. tan (sec_l(x)): Vx*—1

By using (13) and (14), we derive

sin (sec_l(x))z

tan(secfl(x) :M: x 1.
cos (sec ! (x))
16. sec(cos_l(x))=)17
From (12), we have
secl(x)zcosl(l)
X
sec(cos‘l(%))mc (Replace x with 1/x.)

sec(cosl(x)):)%

17. csclsec(x])=
x’—1

The result follows from formula (14).

18. csc(csc_l(x))zx

19. sin(csc_l(x))Z)%

-1 _ X2—1
20. COS(CSC (X))— X

Chapter 1

(15

16

Square both sides of (19) and apply Pythagorean trigonometric identity gives

x’—1
cosz(cscfl(x)): >
X
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2
x —1
X

cos (csci1 (x)) =

21. taﬂ(CSCI(X))WZl—_I (21)

The result is derived from (19) and (20).

22. cot(csc_l(x))z\/xz—l (22)

The result is derived by using (21) and applying the identity tan(x) = 1/cot(x).
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Appendix 1-B: Miscellaneous Symbols and Proofs

[1-B-1]
The following symbol notations are used in this book: IN for natural numbers, Z for
integers, Q for rationals, R for real numbers, and C for complex numbers.

[1-B-2]
To prove (4.12), we use two relations that involve lemniscate sine sl and lemniscate
cosine cl functions [6] as follows:

2 1-cl’x
sl“x= >
1+cl’x

2 X _clx Vi+sl®x+1

2 \/1+slzx+1

cl

Substituting x by arccl(x) to both formulas above gives
_ 1-x°

1+x° (1-c-1)

s1*(arccl (x))

2
CIQE_X\/1+51 (arccl (x))+1 (1-C-2)

2 \/1+slz(arccl (x))+1

Substituting expression (1-C-1) in (1-C-2) gives

1—x°

X 1+1 s+1
+Xx
2

\/1+1 X2+1
+Xx

Then take square root of both sides after further deduction leads to result (4.12).
Similarly, we can obtain (4.13) by replacing x with arccl(x) into (4.12) and deducing
expressions on both nominator and denominator.

(1-Cc-3)

clz(%arccl (x))z
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Chapter 2

Innovative Approaches to Explore Polynomial
Equation Solving: Trigonometric and Hyperbolic Insights

quartic, and other special higher order equations. The approach involves using

compositions of trigonometric functions and inverse trigonometric functions, as
well as hyperbolic trigonometric functions and their inverse functions. The chapter is
divided into four sections. The first three sections deal with solutions to general
quadratic, cubic, and quartic equations. The fourth section offers solutions to other
higher degree equations in some special forms. Each section includes a derivation of
the solution, examples, and a summary for the corresponding type of polynomial
equation.

This chapter presents a consistent approach to solving general quadratic, cubic,

Section I. Solving General Quadratic Equation

We can solve a general quadratic equation by leveraging the composition of the
double angle cosine with its inverse. This composition yields a second degree
equation. Our technique involves transforming this second degree equation into the
general form of a quadratic equation that matches the desired coefficients.
Simultaneously, we show how to find solutions during this transformation process.

The general form of a quadratic equation [7] is given by:
ax’+bx+c=0 (a#0), (1)

where a, b, and c are real numbers.

A. Solution to Quadratic Equation (Type 1)
To solve equation (1), we start by using the double angle identity for cosine, which
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can be expressed as gs2x=2cos’x—1. BY substituting x with cos™(x), we obtain a
composite form of the double cosine with its inverse, which results in

cos(2cosfl(x)):2x2—1, —1<x<l1. (2)

[for other trigonometric identities, see Appendix 2-A-1.]

The expression on the right-side of equation (2) can be classified as a second degree
equation due to the highest power of the variable x being 2. Our subsequent
objective is to transform the right-hand side of equation (2) back into equation (1)
and determine its solution by solving the trigonometric equation. The step-by-step
procedure is outlined as follows:

We want to have a*x and bx terms appearing on the right-hand side of equation
(2) by substituting x with /4 /2x+p into both sides of (2), which gives

o

=ax’+2V2abx+2b’—1. (3)

Next, we remove 2,24 from x term by replacing b with p/(2y24) in both sides of
(3), which gives

2
cos|2cos”' \/£x+ b :ax2+bx+L —1. (4]
2 242a 4a

In order to have c term appearing on the right-hand side of (4), we introduce m
as a real number. By subtracting m from both sides of (4), which gives

[ a b b’
cos|2cos™ \/Ex+7 —m=ax’+bx+— —1 —m. (5)
( ( 2 2@)) 4a

Therefore, we can establish a system of two simultaneous equations by setting
both sides of (5) to zero:
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2
ax2+bx+b——1—m:0 (6a)
4a

6]
cos(Zcosl(\Ex+2\7;) —m=0. 6b]

Now let
2
b -1 —-m=c,
4a
then solving for m, we have
2
m= b —c—1.
4a

Substituting m into (6a) and (6b) gives
ax’+bx+c=0 (7a)

b? 7]

Cos(Zcosl(\/%x+2\72>a) Y +c+1=0. (7b)

We have established a system of two simultaneous equations (7) in which equation
(7a) is the general form of the quadratic equation transformed from equation (2), and
(7b) is the trigonometric equation with the variable x that needs to be solved. It is
worth noting that x is not only the roots of (7b), but also the roots of (7a), since both
equations are equivalent.

Next, we solve for x from trigonometric equation (7b) as follows:

Isolate the cosine function by moving other terms to the right-hand side of the
equal sign, we have

2
cos|2cos ' \/£X+ b :L—c—l.
2 ) 2(1 4a
Take the inverse cosine of both sides:

2
2cosl(\@x +2bﬁ):cosl(% —c—l).

Divide both sides by 2, and then take the cosine of both sides, which gives
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\/gx+b—:cos(1—cosl(Lz —c—l)).
2" 9\hg 2 4a

Isolate \q,/2x by subtracting p/(2y24) from both sides. Then solve for x by
dividing through by /g2, which gives the solution

x=\/2—cos 1—cosf1 Lz—c—l _b

a 2 4a 2a

Since the cosine function is periodic with a period of 2m, we can express the
solution for x in terms of its periodicity [see Appendix 2-A-2] as

2
xk”:\/%cos(;—cosl(% —c—1)+k n)—Z%, keZ={0,£1,%2,..}.

Therefore, rewriting (7) gives the general solution of the quadratic equation, which is
presented

ax’+bx+c=0 (a#0) (8a)
2 8
xk+1=\ﬁcos(1—cos_l(i —c—l)+kn)—£,k€Z={0,i1,-_|-2,...}. (8b) )
a 2 4a 2a
b2
f — —c—1|Z1.
or P c

Please note that going forward, we will adopt this format to present the equation to

be solved alongside its solution as a convenient means of conveying explanations to
our kindle readers.

Using equation (8b) with k = 0 and k = 1, we obtain two roots:

ax’+bx+c=0 (9a)

Te 2 2
xl’zzi\/i—cos(;—cosl(f—a _C_l))_Zb_a for b -1

ia <1. (9b)

Thus, we have demonstrated how the equation of the right-hand side of (2) can be
transformed into the general form of quadratic equation (9a) and how its solution can
be derived as indicated in (9b). However, the solution (9b) is restricted to the domain
of cos*(x) in the closed interval [-1, 1]. To find solution to other domain (-o, -1] or

[1, ), we can use the double angle identity for hyperbolic cosine and its inverse [see
Appendix 2-A-3]:
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cosh(2 coshfl(x))=2x2—1. (10]

Since the expressions on the right-hand side of formulas (2) and (10) are identical,
by using a similar procedure as starting from formula (2) to apply on formula (10),
we expect solution is analogous to (9b) but it contains hyperbolic functions instead.
As a result, the solution of the quadratic equation is derived and presented as
follows:

ax’+bx+c=0 (11a)
2 ol Lot P A 11
xk+1—\/:cosh(2 cosh (4a c 1)+km) >a (11b)
for p? 2 k € Z, and i is the imaginary unit.
4b_a —C—121<=>4b—a —c=2, 9 Y

In the upcoming sections, we will use the following identities to help in mathematical
manipulations while solving equations:

Table 1 - Relations of Trigonometric and Hyperbolic Trigonometric Functions

cosh (x+2mi)=cosh(x) (A) sinh™ ' (ix)=isin"* (x| (G
cosh™ ' (— x)=mi—cosh™ " (x] (B) cosh (ix)=cos (x) (H)
cosh(x+mi/2)==isinh(x) (C) cos (ix)=cosh (x) (1)

cosh (x=mi]=—cosh(x) (D] tan 'ix=itanh 'x (K)
sinh (x = i)=—sinh (x) (E) tan (ix)=itanh (x) (L)
sinh (ix) =isin (x) (F)

Although we work with coefficients assumed to be real numbers, the introduction of
complex coefficients, often due to even radicals, is possible. The relations in Table 1
involve the utilization of the complex unit i to transform trigonometric functions into
their hyperbolic counterparts or vice versa [see Appendix 2-A-0.]. Our focus in this
chapter remains on solving equations within the realm of real nhumbers, excluding
equations with coefficients from the complex field, which fall beyond the scope of this
book.

Using (11b) with k = 0 and k = 1, and applying formula (D), respectively, we
explicitly obtain two roots:

ax’+bx+c=0 (12 a)
2 1 . b b 12]
xu—i\/a cosh(2 cosh (4a c 1)) P (12b)
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Since the inverse hyperbolic cosine has domain [1, o), we can achieve a mirror of
this domain to (-o0,1] using the identity cosh*(-x) = im-cosh™*(x) when x<-1. We will
explicitly show formula for this case when we examine some cases of expression
(b%/(4a) -c -1) in (12b).

Special Cases of (b?/(4a) - c-1) in (12b)
2 2
> If 4L —-c—-1=>1 & 4L —c>2, formula (12b) provides two real roots.
a a

2 2
> If 4L —c—-1<-1 & 4L —c<0, formula (12b) provides two complex
a a

conjugate roots. We can prove it by applying formula (B) to (12b) as follows:

2
Xy 221\/% cos.h(l—cosh_l(L—c—l))—L
’ a 2 4a 2a
. 2
zi\/zcosh(ﬂkcoshl([ic1]))L (13)
a 2 2 4a 2a
By applying formula (C), we deduce that
2
=ii\/zsinh(lcosh_l(—L+c+1))—L, (14)
a 2 4a 2a
which are two complex conjugate roots of equation (12a).

We have demonstrated how to construct quadratic equation (1) from the composition
of the cosine function with its inverse, or from the composition of the hyperbolic
cosine with its inverse, and how to find its solutions (9b), (12b) and (14b) that
include real and complex roots.

Summary of Solution to General Quadratic Equation (Type 1)
Quadratic equation: g’ +px+c=0 (a0

b2
Define T=— —c-1.
4a
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The solution to the general quadratic equation can be expressed as follows:
+> If |T| < 1, the equation has two real roots,

2 cos (L cos (T = 2
X1,2——\/;C05(2 Cos (T)) 2a
+> If T>1, the equation has two real roots,
X, 2=i\/Zcosh(l—cosh_l(T))—L.
’ a 2 2a
+> If T<-1, the equation has two complex conjugate roots

X, 2=ii\/zsinh(1—(:osh_1(—T))—L.
’ a 2 2a

Note that if T = 1 or T = -1, all above formulas give repeated roots, namely

b

X, =X, =——.
"2 2a

Notes:

1. The reason we derive formula (14b) is because the domain of inverse
hyperbolic cosine is defined only within the interval [1, o). The major of the
current calculators, however, are constrained to operate to other interval (-oco,
-1], which is supposed to give complex results. In fact, the formulas (8) and
(11) are suffice to represent the solution of the general quadratic equation (1)
once the calculators are equipped to compute values of the inverse hyperbolic
functions for other complementary intervals. Notice that when working with
complex coefficients, there's no need to impose any domain conditions in those
solution formulas.

2. Although the use of trigonometry to solve quadratic equations may seem more
complicated than the traditional method at first, it has its own benefits. In later
sections, when we deal with higher degree equations, once we have found one
root, the remaining roots will follow naturally due to the periodicity of
trigonometric functions.

3. Formula (9) or (11) represents the solution of equation (1), and it can be
expressed in radicals by applying formula (1.3) or (1.2.2a) found in Chapter 1.
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B. Solution to General Quadratic Equation (Type 2)
In this section, we use another trigonometric identity [see Appendix 2-A-4],

cos (4sin”! (x))=8 x*—8x*+1, (15)

to derive another solution formula for the quadratic equation by applying a similar
process as previously described in part A. The following steps illustrate the derivation
of this solution:

1. Let a, b, c and m be any real numbers. By replacing x with ./, /,/p into (15), and
multiplying through both its sides by 2 /g, which gives

2 - 2
LCos 4sin71\/—f :x2—bx+i. (16)
8 \/b 8

2. Then subtracting m from both sides of (16) gives

b W x , b’
—cos|4sin = |-m=x"—-bx+— —m (17)
8 \/ 8

b

3. We establish a system of two simultaneous equations by setting both sides of (17)
to zero:

b2
xz—bx+? —m=0 (18 a)

2 18)
gcos(4sin1(\/;))m=0 (18 b)

4. Solve for x from trigonometric equation (18b) as follows:
» Rewrite equation (18b) as

B x|
—cos|4sin —|=m
3 I
» Then multiply both sides by 8/ b which gives

cos (4 sin” ' \/;) =8m

W) b
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> After applying the cosine function to both sides, proceed by dividing both sides
by 4, resulting in.

sin_lx/—le—cos_1 8m .
T b’

» By taking sine both sides and then multiplying both sides by square root of b,
which gives

\/;2\/Esin(1—cosl(8—r2n)).
4 b
» Taking square of both sides gives
. 2[1 ~1[{8m
x=bsin (— cos (—2))
4 b
» Applying double cosine angle gives

R

» Since the cosine function is periodic with a period of 2n, we rewrite the formula
above in terms of periodicity,

xkﬂzg[lcos(;cosl( iT)H{H)] , keZ.

While k belongs to the set of integers (k € Z), it is sufficient to consider the values of
k=0andk = 1.

5. As a result, equations (18) can be restated as

xkﬂ:g(l—cos(;cos1(8bT)+kn)),k:0,1. (19a]

2

xz—bx+% -m=0. (19b)

(19]

6. We want c/a term appearing in (19b) by replacing (b%/8 - m) with c/a or m = (b?%/8
- ¢/a) into (19a) and (19b), which gives
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xz—bx+2—=O (@#0) (19¢]
xk+1:b(1cos(lcosl(lfgcz)+kn)) (194
2 2 ab

7. We aim to introduce the term ax? into equation (19c). To achieve this, we
substitute b with -b/a in equations (19c) and (19d). Next, we multiply both sides of
equation (19c¢) by ‘a’ and further simplify. This process leads us to the roots of the
general quadratic equation.

ax’+b x+c=0 (a#0) (20q)

b 1 4[b*—8ac (20)
ka:—Z(l—cos [2—cos 1( . )+nk]), k=0,1, (20b)

2
for ‘b_g’aCSl

b

In a special case,

1 1[b*=8ac ||_
—Cos =0
2 b?

1(b2—8ac)_
= COS =Tl

b2

COoS

= b:J_rZ\/;.

Thus, when p=+2./qc, the equation has a double root,

b

X{o———.
1,2 Za

b*—8ac

Formula (20b) does not cover the solution of quadratic equation (20a) if ‘ ) >1.

You might intuitively anticipate the formula for finding the roots of (20a) when

2 2
b fzac >1 or when 2 b?“s—l. It takes on a similar structure to formula (20b), but

with hyperbolic functions. Indeed, by replacing x with ix into (15) and applying the
identities sin(ix) = isinh(x) and cos(ix) = cosh(x), we deduce that

cosh (4 sinh™!(x)| =8 x*+8 x*+1. (21
The left-hand side of (21) is the composition of the quadruple angle for hyperbolic
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cosine with inverse hyperbolic sine function. We observe that the results (15) and
(21) are identical except the sign of 8x2 term. By following the same procedure as
previously described, we can transform (21) into a system of two simultaneous
equations in which the quadratic equation and its solution are resulted in,

ax’+bx+c=0 (a#0) (22a)

2 22]
;—cosh_l(b b8ac)+ink]) fork=0,1. (22b)

2

xk+1=%(1+c05h

Using (22b) with k = 0 and k = 1, we explicitly obtain two roots:
axX’+bx+c=0 (a#0] (234

écoshl(bzgac)]), (23b) 23

x1,2=2ba(1icosh =

[For other forms of (20b) and (23b), see Appendix 2-A-5]

Special Cases of (b%>-8ac)/b? in (23b)

2
- qf b :2“ >1eac<0, then equation (23a) has two real roots.
2
* If bb#ﬁ—lc»bz—4ac < 0, then equation (23a) has two complex conjugate

roots, namely

2
xl,zz;(1+isinh[;coshl(80bcz_b)]). (24)

a

Summary of Solution to General Quadratic Equation (Type 2)
Quadratic equation: ;,*+px+c=0 (a#0)
b°—8ac

bZ

Define T=

The solution to the general quadratic equation can be expressed as follows:
* If |11 <1, the equation has two real roots, which are given by

xl’zz—%(licos (;— cos™! (T)))
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« If T=1, the equation has two real roots, which are given by

X, ,=— i(licosh (;—cosh_l(T))).

2a

« If T<-1, the equation has two complex conjugate roots, which are given by

xlzz—%(liisinh li—cosh_l(—T)D.
’ a

Note that T = -1, the equation has a repeated root, namely,
b
X1:X2:—2—a.
We have encountered various derived solution formulas for the quadratic equation
throughout our exploration, all of which are based on specific trigonometric or
hyperbolic identities. There are still more solution formulas for the quadratic
equation, as various forms of trigonometric functions or hyperbolic trigonometric
identities exist. We will provide one of them, which is of tangent form, in the solving
quartic equation section.

Section II. Solving General Cubic Equation

In this section, we use the same approach from Section I to solve for a general cubic
equation. For simplicity, we refrain from presenting detailed step-by-step solutions for
every mathematical expression or equation as we have done in Section I. Instead, we
emphasize key results to simplify mathematical solutions, making it easier for readers
to grasp and comprehend.

A. Solution to Cubic Equation (Type 1)

The general form of a cubic equation [8] is expressed as
ax’+bx*+cx+d=0 [a#0), (30]

where a, b, c and d are real humbers.

We use the triple angle identity for cosine to solve cubic equation (30). The triple
angle identity for cosine is expressed as

COS(3C0571(X)):4X3—3X. (31)
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Our goal now is to align the coefficients and terms in the equation on the right-hand
side of (31) with those in equation (30). We aim to modify the coefficients in the
equation on the right-hand side of (31) to mirror the structure and terms present in
equation (30). and find its solution. Any changes made to the coefficients in the
equation on the right-hand side of (31) will correspondingly impact its left-hand side.
Consequently, the solution derived from the left-hand side of (31) will also serve as
solution for equation (30). We demonstrate the process as shown in the following
steps:

1. We want cx term appearing on the right-hand side of (31) by replacing x with
x/(2c) into (31) and then multiplying through both its sides by 2c?, which gives

2c3c05(3c051%):x3—302x. (32)

2. Continue replacing c with (Vc)/(V3) gives

Zc\/r @ —_cx.
3\/> cos(3 cos~ 2\/») (33

3. Assuming m be a real number. Then subtracting m from both sides of (33) gives

20\/; 1\/§x
343 2c

COS(3COS )m=x3cxm. (34)

4. Therefore, we can establish a system of two simultaneous equations by setting
both sides of (34) to zero:

xX’—cx—m=0 (35a)

2cie 1@><)_
3\/5 2\/;

(35)

cos(B Cos (35b)

5. Solving for x from (35b) gives the solution of cubic equation (35a)

2\/> 1 3 2k
Xy cos | —cos , k=0,1,2. (36
Y ( (ch) )

6. We now want to have ax3 term appearing on (35a) by replacing m with m/a and c
with c/a into (35a) and (36), and then multiplying both sides of (35a) by a, which
gives
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ax’—cx—m=0 37 a
(37 a
37
X = 2\/7cos 1—cos 3v3am 2nk ,k=0,1,2. (37b) ( )
\@ 20\[

7. Next, we want to have bx?2 term appearing on equation (37a). By substituting x
with x+% into (37) (which means both (37a) and (37b)), then expanding and

collecting the terms, which gives

2 3
ax’+bx’+ b —C|x+ b~ __bc -m=0 (38a)
3a 27 a* 3a
b 2\/> 1 13 2 k (38)
Xps ¥ Cos —cos 3am I ,k=0,1,2. (38b)
3a \/; 2c(

2

8. Replacing c with B—Z—c for a # 0 into (38) gives

3 2
ax*+bxi+cx+—2 - —L( b —c)—m:O (394
27 a 3al\ 3a (39)
2
xk+1:—i +i\/b2—30c-cos lcos_1 27a m > +2nk ,k=0,1,2. (39b)
3a 3a 3 2(b2—3c1c)3/ 3
9. Next, we want to have d term appearing on (39a) by setting
bbb ) g
274> 3al\ 3a ’

and solving for m, which gives

b’ b (.2
= — b"—3ac|—d
27d’ 902( |
:9abc 2b°—274° d
27d

10. By substituting m into (39) and rearranging the terms, we obtain the solution of
the cubic equation, namely
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ax’+bx*+cx+d=0 (a#0) (40q)
_ 3 2 40
xk+1=—i+z—vb2—3ac-cos l—cos_1 abe-2b 273?261 $27K , k=0,1,2, (400 (40
3a 3a 3 2(b2_30c) 3
where
b*~3ac >0,

9abc—2b’-27d°d

; 5 |=<1.
‘ 2(b —3ac)

Note: The domain of inverse cosine, cos'(x), is restricted to [-1,1]. We will provide
the analysis of expressions (9abc-2b3-27a%d) and (b-3ac) in (40b) in the summary
section.

Example. We show an example of using cubic formula (40b) to solve the cubic
equation: x*—6x2+11x—6=0.

Solution. The coefficients for the given cubic equationarea=1,b =-6,c =11, and
d = -6.

9abc—2b*-27a°d 9'1'(—6)'(11)—2(—6)3—27‘12’(—6)_

. = =0,
Evaluating 2(b2—3ac)3/2 2((_6)2_3.1.(11))3/2

which belongs to the interval [-1, 1]. Therefore, by applying cubic formula (40b) and
substituting the coefficients, which gives the solution to the given equation

X, =2 + _cos(1 051(0)+2nk) k=0,1,2.

V3 3

=2 +-Z cos (” +2”k) k=0.1,2.

V3

By putting k = 0, 1 and 2, we obtain x,=3,x,=1,x;=2. To verify these roots, we
substitute values of x1 ,x2 ,x3 into the given equation, resulting in an evaluation that
equals zero.
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Formula (40b) provides a solution to cubic equation (40a) but this solution does not
9abc—2b’-27a"d

2(b2—3ac)3/2
employ the hyperbolic triple angle cosine identity, cosh(3x)=4cosh?(x)-3cosh(x).

cover if >1.  To find solution in the interval (-0, -1] or [1, ©), we

By replacing x with cosh™(x), which gives
cosh (3 cosh™!(x))=4 x*—3x. (41)

The expressions on the right-hand side of formulae (41) and (31) appear to be
identical. Therefore, we get analogous solution (40a) to cubic equation (40b) but it
contains the hyperbolic functions instead. As a result, we obtain:

axX’+bx’+cx+d=0 (a#0) (42a]
_ 3_ 2 . 42
xi=— 2 + 2 b 3ac-cosh| L cosh™[20be=2b=27a"d | i2mk | 4 1 5 (40 42)
3a 3a 3 2(b*-3ac] 3

where i is the imaginary unit.

Formula (42b) provides a solution to cubic equation (42a) in terms of the hyperbolic
cosine and its inverse, where the hyperbolic cosine has a periodicity of 2mi. In fact,
finding solution in (40b) also implies finding solution in (42b), and vice versa [for
proof, see Appendix 2-A-6]. Although the domain of the inverse hyperbolic cosine in
(42b) is restricted to [1, o), we can extend or mirror such that it has domain (-oo,
-1] using the identity cosh™(x) = im - cosh™(x) when x<-1. This leads formula (42b)
providing complex roots. Now, we will focus on the analysis to show that both (40b)
or (42b) can be used to provide a complete solution to the cubic equation. Another
word, we provide a comprehensive coverage across all domains in order to
consolidate all possible scenarios becomes pivotal in presenting a complete set of
solutions for the cubic equation, as detailed in the following special cases.

Special Cases of (b? — 3ac) in (42b)
(a) cCase b?-3ac > O:

9abc—2b*-27d°d - . .
2(b2 3 )3/2 =1, the equation has one real root and two complex conjugate
—odac

roots. The solution is given by formula (42b).

If
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9abc—2b°-27a°d .
2(b2 3 )3/2 =<—1, the equation has one real root and two complex
—odac

conjugate roots, given by formula (42b). However, we cannot directly apply it
to real numbers within this interval due to the hyperbolic cosine's definition
being restricted to the half closed interval [1, o). We can derive an equivalent

formula explicitly to the other half closed interval (-co0, -1] by utilizing absolute
value notation and applying identity (B), which gives

im(2k+1)
T3

If

b 2

3 2
Xpn=—5—+— b23aC'COSh(;COSh1(|9abC2b —27ad

‘ 2(b*~3ac)”

),k:0,1,2. (42c)
3a 3a

Proof
Since 9gbc—2b*—274d%d 4 formula (42b) is written as
2(b*~3ac

)3/2 4

Xj+1:_i +i\/b2—30c -cosh(;coshl(

3a 3a

9abc—2b-27dd|), i2n
2(b*~3acl”? ‘ 3

),jeZ.

Applying identity (B) gives

xj”:—i +i\/b2—30c-cosh L —l—coshl(

3a 3a 3 3

9abc—2b3—27a2dD i2j

,jEZ.
2(b*~3acl”’ 3 ) !

:—L +AMCosh —%COSh_l(

3a 3a

9abc—2b3—27a2d‘)+in(2j+1)

,jE€Z .
2(b*~3ac)”’” 3 ) !

Since the hyperbolic cosine function is even, it can be rewritten as

b : |9abc—2b3—27a2d)_in(2j+1))’.ez
a

xjﬂ:—%+L\/b2—3accosh(%cosh1(| 2(F—3ac)”? ‘ 3

The desired result follows after indexing the index j to k, resulting in (42c).

(b) Case b?-3ac < O:

In this case formula (42b) has the imaginary unit i appearing inside the inverse
hyperbolic cosine function that may appear as a complex expression at first glance
while coefficients a, b, c and d are still real numbers. However, it still gives one real
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root and two complex conjugate roots. Alternatively, formula (42b) can be
transformed into another form:

Xm:—?% —i |b2—3acsinh(1—sinh1(

9abc—-2b*-274d°d +in(2k—1)
3a 3

2(lb*~3ad)” ; ) o

Note that a real root is found if k = 2, namely

b 2

Xy=— o+ |b2—3acsinh(;sinh1( (42e)

3a 3a

9abc—2b’—-27d°d
2(|b2—3ac|)3/2

Proof

Since b?-3ac < 0, the radical inside formula (42b) involves with complex form. In this
case, we can express the square root using the absolute value notation with the
imaginary unit i, and formula (42b) is rewritten as

b 21
AR

3 2 .
tpor = 420 b2—3accosh(;cosh1(i*9abc 2b°—27a d)+12nk

ke Z.
2(|b2—3ac|)3/2 3 )

By applying the formula cosh’l(iu):%ﬂinh’l(u), we can convert the hyperbolic cosine to

the hyperbolic sine, which gives

. . 3 2 .
xk+1:3ba+2l\/|b23ac|cosh(m+lsinhl(9abc 2b 27ad>+12nk),k€Z.

3a 6 3 2(|b2—3ac|)3/2 3

Since (i)/6 can be expressed as (im)/2 - (im)/3, substituting this expression and
rearranging the terms yields:

_ b 2i 2 i 1 . -1
X1 = g +30\/‘b 3ac|cosh(2 +=sinh (

9abc—2b3—2702d) in(2k—1)
3

,keZ .
2(|b2—3ac")3/2 3 )

By applying formula (C), we obtain the desired result.

(c) Case b?-3ac = 0:

We observe that (42) can give solution if b>~3ac=0 or b=%+v3ac. Indeed, the roots
can be derived from (42b) by taking the limit of b such that b approaches +v3ac, and
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it gives

M+L3+(3ac)3/2—27azde(‘Zink/sl, k=0,1,2. (43)

X, =— +
k1 3a 3a

The choice of £ depends on the sign of b. If b > 0, the positive sign is used; whereas

the negative sign is used. Formula (43) gives one real root and two complex

)3/2

conjugate roots. It also gives a triple root if expression *(3ac)”*-27a’d=0. Formula

(43) can be expressed in terms of b,
xm:—i + L0742 23 k=0,1,2. (44)
3a 3a

Proof
To prove (43), we define

u=b"-3ac,
A=
3a
B= lim 9abc—2b’-27a’d _*(3ac)*-27d'd
b+ Vac 2 2 ,
then (42b) becomes
xk+1=—i+A u cosh 1—(:osh_1 B +12nk , k=0,1,2.
3a 3 u3/2

1 -1 B
We now consider taking the limit of the expression, Aﬁcosh(gcosh 1u3/2 ) as u tends to

0 as follows:

lim A ucosh(%cosh_1 B ):hmA\/;cosh ;Tln
u

3/2
u=>0 u->0

=lim A ucosh(l—ln( 52 + 31/2 Bz—u3))

u->0 3

=lim A\/;cosh(%ln (B+ Bz—u3)—;—lnu)

u=>0
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—1lim A u cosh (%ln (B+\/Bz—u3))cosh(;—ln u)—

u->0

Avusinh (;Tln (B+\/B2—u3))sinh(% In u)

(Using results [2-A-7]: lim Xcosh(l—ln(x))zl— ,and lim xsinh(l—ln(x))z—l—. )
x>0 2 2 x>0 2 2
:Acosh(l—ln(ZB))#isinh(l—ln(ZB))
2 3 2 3
:%[cosh (% ln(ZB))+sinh(%ln(2B))
=%exp(%ln(2B)+2nik)
3 :
:A\/22B exp(2n3lk) (45)

Substituting A and B into (45) yields the desired result (43).

Example. Use cubic formula to find the roots of the cubic equation x>+3x?+3x+5=0.

Solution. Identify the coefficients:a=1,b=3,c=3,andd =5.Sinceb=3>0
and b?-3ac=32-(3)(1)(3) = 0, we use cubic formula (43), which is

V3ac

3a

3 (5i
+3i¢(3ac)3/2—27 ade* ™ k=0,1,2.
a

Xk+1:_

Substituting the coefficients gives

X =—1+V—4e?™ k=0,1,2.

For k = 0, 1 and 2, the roots to the given equation are:

x1:—1—ﬁ,

1 i3
X,=—1+= ——=
’ V2 32
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and

1 i3

X,=—1+——=+

Example. Using the cubic formula to find the roots of the cubic equation,
x3-3x°+3x+4=0.

Solution. The coefficients of the given equationarea =1,b =-3,c= 3, andd = 5.
Since b = -3 < 0 and b?-3ac=3-3(1)(3)=0, we use cubic formula (43),

\/3GC 13 3/2 (2imk/3)
—\ - 1,2.
X = 5o +30J (3ac)’’*~27d°de , k=0,

(Notice that the negative sign is used if b < 0.)

By substitution the coefficients, the roots to the given equation are simplified as

X =147—562"% k=0,1,2.

Then for k = 0, 1 and 2, we get:
x1=1—\3f
wm1e S 1

and

—1+V—5+ L3305,

Before we provide a summary of solution to the cubic equation, we need a
transformative tool to transform solution formulas in radicals. As we’ve explored the
quadratic and cubic formulas expressed in trigonometric or hyperbolic trigonometric
functions, it's important to note that we haven’t addressed how to represent them in
radical forms. Let’s take a brief pause to discuss another valuable tool specifically
designed to transform solution formulas expressed in the forms of trigonometric or
hyperbolic trigonometric functions into radical forms.
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Transforming Solution Formulas from Trigonometric or Hyperbolic
Trigonometric Functions into Radical Forms

As demonstrated in the previous sections, we have derived solution formulas for
quadratic and cubic equations expressed in trigonometric or hyperbolic trigonometric
functions, namely cos((1/n) cos™(x)), cosh((1/n) cosh™(x)), sin((1/n) sin"'(x)),
sinh((1/n) sinh™*(x)), tan((1/n) tan*(x)) or tanh((1/n) tanh*(x)). However, these
solutions are not yet expressed in radical forms. To achieve this, we need to develop
a general tool capable of transforming solution formulas expressed in trigonometric or
hyperbolic trigonometric functions into radical forms, ensuring that the roots remain
the same.

a. Hyperbolic cosine and its inverse
To convert solution formula expressed in hyperbolic cosine to radical form, we use
general hyperbolic cosine formula (1.3.3a) and expand it as follows:

cosh 1_C‘)Sh_l(x)*'iznk):cosh(l—ln(x+\/Z)+i2"k)
n n n n
:cosh(ln(x+\/x2—1)1/n+i2:k)
=cos oo (218 ol ) o 225
:l%(x+m)1/n+%(x+m)—1/n]
+B—(X+ xz—l)l/n—;—(xH/Z)Un]%(emk/"—eiz"k/”)

=%(x+\/x2—1)1/neiznk/”+%( +1 xz—l)il/ne_"z’”‘/”

l_(ei2nk/n+e

2

7i2nk/n)

Hence, the radical form of the hyperbolic cosine and its inverse is

1 (X+ /XZ_l)l/neIZHk/n_'_(X_l_ /XZ_l)_l/neiZHk/n] 1<Xx<oo, (46a)

1 1 i2mk
h il h =
cos nCOS x] n ) B 'neN ke Z.

Formula (46a) represents the radical form for an nth degree equation. The roots
expressed in this radical form identical match those derived from the original
expression involving hyperbolic cosine and its inverse corresponding to k = 0,1,2, and
so on. This exemplifies mathematical beauty and holds significant importance in
finding nth roots of equations.
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By using a similar approach as described above, we can derive formulas for other
functions related to sinh, tanh, coth, sin, tan and cot. The results of these functions
are listed below.

b. Hyperbolic sine and its inverse

. 1/n . —1/n X
Sinh(rlTSiDh_l(X)+12:k):;—[(X+\/H) e'znk/"—(x+\/x2+1) e_'znk/"] 1=x<eo, (46b)

"nelN ke Z.

Notice that (x+/x+1) "=(Vx’—1—x)"", hence we can express (46b) in the alternative
form,

. 1/n 1/n .
sinh(i—sinh_l(x)#z”k ):é—[(\/ 2+1+x) e'Z"k/”—(Vx2+1—x) e_'znk/”] 1<x<o, (46%D)

n 'nelN,keZ.

c. Hyperbolic tangent and its inverse

+iT[k _(1+X)1/neZink/n_(1_X)1/n

1 -1
tanh [ —tanh (x = , —1<x<1 46 ¢
(n ( ) n (1+X)1/n621nk/n+(1_x)1/n ( )
d. Hyperbolic cotangent and its inverse
1 o ik (X+1)1/ne2ink/n+(x_1)1/n
coth{ —coth "(x)+ = . —oo<x<—lorl<x<oo 46 d
(n ( ) n ) (X+1)1/n621nk/n_(x_1)1/n ( )

e. Cosine and its inverse

:l—cos_l(x)+¥):% (x—i‘\/1—x2)1/ne_i2"k/"+(x—i\/1—x2)_1/nei2"k/"] —1<x<1 (46¢)
1(X)_7T(2lr(1+1)):;_ (—X+i /1_X2)1/nei2nk/n+(_x+i /1_X2)_1/nei2nk/n] 1<x<1

COS

1 -
COS| — COos
n

f. Sine and its inverse

sin (%Sin_l(x)’fﬂ):zi-[(i X+ 1—X2)1/nei2”k/”—(i X+ 1—x2)_1/ne_i2"k/”] —1<x<1 (46f)

n 1

g. Tangent and its inverse

1( )+ﬂ)_1_(1+l.X)1/neZink/n_(1_iX)l/n
n 1 (1+ix)1/ne2ink/n+(1_l.X)l/n

tan(lll—tan —0<x<00 (469)
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h. Cotangent and its inverse

1/neZink/n+(l- X — 1)1/n

lix+1]
i - x>0
B k (l.x+1)1/n621nk/n_(l-X_l)l/n
cot| = cot " (x _n_)_ . 46 h
( ( ) n _i(lX+1)1/n621nk/n+(ix_1)1/n X<0 ( )
(1X+1)1/n62ink/n_(l-x_1)1/n

Furthermore, the solution formulas for the nth degree equation can be expressed in
the radical forms by employing various derived expressions, such as (1.10a) for
cosine, (1.2.9) for hyperbolic cosine, (1.13.7a) or (1.13.7b) for tangent, (1.13.15)
for hyperbolic tangent, and so forth, as outlined in Chapter 1.

Let us now return to our discussion regarding the analysis of the solution formulas for
the cubic equation.

Summary of Solution to Cubic Equation (Type 1)

Cubic equation: | s 2, vid=0. (a0

Defining
D=b’-3ac (47 a)
9abc—2b’-27d°d
T= D3 (47b)
Case D > 0:
» If T = 1, the equation has one real root and two complex conjugate roots,
b 2 1 -1 i2mk
=—— +—Dcosh|{=cosh " (T)+—=—|,k=0,1,2. 47
Xjs1 =3 =+ VDcos (3 cosh™ (T |+==3 ) 0,1, (47¢)

(Notice that the formula is still valid if T = 1.)
Applying (46a) gives a radical form:
1/3 ——\-1/3 .
Xk+1:_% +\/—B|:(T+ TZ_I) elan/3+(T+ TZ_l) ezan/3:| (47d)

3a

» If T < -1, the equation has one real root and two complex conjugate roots,
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which are given by

24D

o —_b | im(2k+1]
'™ 3a  3a

cosh L cosh™ ' (|T|)+
3 3

),k:0,1,2. (47e)

Using (46a), formula (47e) is converted to radical form:

X’“l:_i "'@ ' {(|T|+ NT? — 1)1/3ei”(2k+”/3+(|T|+\/T2— 1)_1/3("”(2“”/3 (47 f)

3a 3a

Note that the real root is found if k = 1, namely

—_b _2 1 osh?
Xy == o~ Dcosh(3 cosh (|T|)) (47f)

» If -1<T<1, then the equation has three distinct real roots

__ b, 2 1 g, 2nk) o
Xior = 3a+3chos(3 cos™! 1]+ ),k—0,1,2. (47g)

Formula (479) is transformed into the radical form using (46e):

Xy = — 2 +@-[(:r—iV1—:r2)1/3e"'2“"/3+(T—iV1—:r2)1/3e"2”"/3],k:0, 1,2. (47h)

3a 3a

Case D < 0:
» In this case, T becomes

_9abc-2b"-27d"d
2|D|3/2

The equation has one real root and two complex conjugate roots, which are
given by (42d):

Xpy = Fsmh( sinh™! )%),k:o,l,z. (47i)

Note that the real root is found if k = 2, namely

__ b 2 Al o o
X, ==+ \/Hsmh(B sinh (T)) (47k)
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and solution (47i) can be expressed in the radical form as

__ b _@[(T_'_ /T2+1_)1/3ein(2k71)/3_(T+ /T2+1)_1/Bem(2k1)/3],k:0,1,2- (471)

X =
17 3aq  3a

or in the alternative form,

xm:_i+@-[(T+\/T2+1)1/3e"2”"/3—(:r+ T2+1)1/3e_i2"k/3],k20,1,2. (471)
3a 3a

Case D = O:
» In this case, the equation has one real root and two complex conjugate roots,
which are given by (43) or (44):
+vV3ac 13

X =——28€ 4 2 {+(3acf?~27a*d ™, k=0,1,2, (47 m)
3a 3a

where the choice of = depends on the sign of b. The positive sign is used if b >
0; otherwise, the negative sign is used. The solution can be expressed in terms

of b,
Xy = + =B’ =270’ d e k=0,1,2. (47 1)
3a 3a
Note:
ei2n/3=;_(_1+i\/§) and ei4n/3:;_(_1_i\/§)_ (47 0)

i b=c=3Vad?, the equation has a triple root,

x1=x2=x3=—§/5:, b=0

Notes
1. i is the imaginary unit.

2. Formulas (47d), (47f), (47h) or (471) can be further simplified by removing the
expression D from the denominator when we substitute T into these formulas.
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Cubic Discriminant
We observe that the result

(2(b2—3a6)3/2)2—(9abc—2b3—27a2d)2=2702(27azd2+b2c2+18abcd—4b3d—4ac2), (47n)

in which the expression 27a’d*+b’*c’+18abcd—4b’d—4ac’® is a widely recognized
discriminant of the cubic equation denoted D2, a term initially coined as the
“discriminant” [10] by James Joseph Sylvester in 1851. Therefore, T can be
expressed in terms of D2 as follows:

27a’ D,
4(b2—3ac)3 .

(Since D notation is already used earlier, D2 temporarily used in this note represent
the discriminate of the cubic equation.)

T°=1- (47 0)

How to Use the Cubic Formula in Practice

Use Summary of Solution to Cubic Equation and its Notes, and follow these steps to
apply the cubic formula and find solution to cubic equation (30):

* Determine the values of D and T.

* IfD >0and-1<T<1, formula (40b) or (47f) involving with the cosine is
applied. Otherwise, the formulas with the hyperbolic cosine function is used: i.
If T=1, formula (42b) or (47c) involving the hyperbolic cosine is applied. ii. If T
< -1, formula (42c) or (47d) is applied. These formulas are almost identical and
differ only in the trigonometric or hyperbolic trigonometric functions they
contain.

* IfD =0, then T is undefined. Formula (43) or (47i) is applied. In this case, the
choice of £ depends on the sign of b: The positive sign is used if b = 0;
otherwise, the negative sign is used. If p—.=3Y44? the cubic equation has
multiple roots (47m) or triple roots.

Example. Find the roots of the cubic equation x3-3x?+2x-1=0.

Solution. The coefficients of the given equationarea=1,b =-3,c=2,andd = -1.
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e The values of D and T are:
D=b"-3ac=(-3)-3(1)(2)=3>0

and

9abc—2b—27d*d _9-1+(=2)-3-2-(—2}—27-1> 3¢3

T= =
2(p*~3ac)’”’ 2((—1P —3-a~3)3/2

e In this case, we have D > 0 and T > 1, therefore, the cubic formula providing
the solution for given equation is:

b 2

X == +—— Dcosh(l—cosh_l(T)+12nk
3

,k=0,1,2.
3a 3a

* By substituting the coefficients, we obtain:

x,=1+— 2 cosh —cosh (3\/3) (real root)
3 3
X,=1+— 2 cosh —Cosh (?ﬁ)+l2—" (complex root)
V3 3 2 3
and
x3—1+\/ cosh(—cosh (¥)+ i‘;” ) (complex root)
3

Example. Find the roots of the cubic equation x3-3x?+x+5=0.

Solution. The coefficients of the given equationarea =1,b =-3,c =1, and d = 5.
We consider the following steps:

e The values of D and T are:
D=b’-3ac=(-3)-3(1)(1)=6> 0

and

9abc—-2b’-27d°d
2D3/2

T=
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3V6

=—= <1

In this case, we have D > 0 and T < -1, the cubic formula providing the
solution to the given formula is:

xk+1:—— + 21D cosh(1—cosh_1(|T|)+m),k:0,1,2.
3a 3a 3
By substituting the coefficients, we get:
2\/6 3(
1=1+—cosh(§co h- ( ) ?n)
x2=1+&cosh 1—c osh 3\/6 +im =1— \/gcosh ~cosh™’ 3\/6
3 3 3 3 2

and

oo (3232

X3= 1+3—cosh 3

B. Solution to Cubic Equation (Type 2)

In this section, we derive a solution to cubic equation (30) by using the triple angle
identity for hyperbolic sine [2-A-8] which is expressed as

sinh (3 x)=4 sinh® x+ 3 sinh x (47)

We do the same procedure as previously described in Part A as shown in the following
steps:

1. By multiplying through both sides of (47) by a/4 with a#0, which gives

%sinh(Bx)zasinh3x+34—a sinh x

2. Replacing x with sinh™*(x) gives

9 sinh (3 sinh™" (x)):ax3+3—a X
4 4
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3. Adding m to both sides gives

%sinh(SSinh_l(x))+m:ax3+%x+m (48)

4. Setting both sides of (48) to zero which gives a system of two simultaneous
equations

ax3+34—ax+m=O (48a)

x=—sinh(lsinh_1(4—m)) (48 b)
3 a

5. Replacing x with x + b/(3a) gives

2 3
ax3+bx2+(L +3—a)x+m+ b - L2-¢ (49a)
3a 4 27a- 4 (49)
x=—L —sinh(lsinh_l(‘l—m)) (49b)
3a 3 a
: : b> b .
6. Replacing m with d———— gives
27a 4
2
ax3+bx2+(b— +3—a)x+d:0 (50 a)
3a 4

b 1 108a°d—27a’b—4b’ 50)
Xx=—-—— —sinh|=sinh™ ad--/da0— (50b)

3a 3 27 d’

7. Replacing x with x/c gives
2 2 2

ax3+bcx2+(b32 +3(1C )x+c3d:0 (51a)

b 1 27a’b+108a°d—4b’ 51
x=—25 _csinh|=sinh [ =229 2F a4a- (51b)

3a 27 d°

8. Replacing b with b/c gives
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3 2 bz 3(1C2 3 4

ax’+bx’+ oot x+c’d=0 (52a)

b 1 27a’bc’—108a’c’d+4b’ 52
x=—-— +csinh|=sinh™ = (52b]

3a 3 27a c

9. Replacing d with d/c’ gives
2 2

ax3+bx2+(3b—a £3ac )x+d:0 (53a)

b 1 27a’bc’—108a’d+4b’ 53)
x=——— +csinh|=sinh™" a°¢c- 3a3 * (53a

3a 27a c

10. By setting
b> 3ac’
- +
3a 4

=C (Note, C temporarily denotes an uppercase coefficient.)

and then solving for c in terms of a, b and C, which yields

2\/3aC—b2
C=—""T"—"—"——.
3a

11. By substituting c into (53) and then renaming C as ¢, which gives

ax’+bx’+cx+d=0 (a#0) (54 al
b 2V3ac—b> . . [1 .. .[12b(3ac—b*)—108a°d+4b>

=0 ,2V2dC70 Gop |2 sinh (54b)  (54)
3a 3a 3 8(3c1c—b2)

L where3ac—b*=0.

12. After expanding and simplifying the terms in (54b), then expressing its resulting

in terms of periodicity of hyperbolic sine, which gives

ax’+bx’+cx+d=0 (a#0) (55a]
2 3 2 .
m:_BL +2—V3;)'C—bsmh 1 npt(9abc—2b ‘2237/5’ d +27;’k , k=0,1,2. (55b) (55
a a 2(3ac—b)
where3ac—b’>0.

Formula (55b) provides solution to the general cubic equation that cover all real
numbers since the domain of inverse hyperbolic sine is defined in the interval (-oo,
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00).

Special Cases of (3ac - b?) in (55b)
> If 3ac-b’<0, then the equation has three distinct real roots. Indeed, the
solution can be derived from (55b) by applying formula (G) and (F), which

gives
3 2
Xk+1=—i 2 3ac—bsin 1—sin71 9abc—-2b —273a/2d 2k k=012, (55¢]
3a 3a 3 2(3ac—b) 3
9ab 2b*—27d*d
where —1<2%2°_ 3a/z =<1.
(‘b —3ac‘)

9abc—-2b’-27d°d

+> If

2(b2—300)3/2 >1, formula (55c) gives one real root and two complex

conjugate roots,

. 3 2 .
Xk+1:—3b—a —2\/3ac—b2cosh(;cosh1(9abc 2b-27ad )+12nk ) k=0,1,2. (55d]

3a 2(‘30C—b2‘)3/2 3

Proof
We use result (55c¢) to prove (55d) as follows:
9abc—2b’-27d°d

2(b>~3ac)”’

Let u=

Substituting for u in (55c) gives
b 2\/|3ac bz‘ 4 2k
———— sin 3 sm (u)+

Xg+1—

3a 3a 3
=—% 2—\/|3§Z bzl sin (3—lln(lu+\/i)+27;k)

Suppose that |u| > 1, we have

__ b _2\/b2—3ac , (—m(luﬂ% 1) 2nk)

3a 3a 3 3

Factoring out i from the expression in parentheses gives
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:—b— —2—\/b2_30C sin(l—l.ln(i)+i_ln(u+\/z)+2nk)

3a 3a 3 i 3i 3

Continue substituting In(i]/i=r/2 and in(u+yu’—1)=cosh (u) Yields

"~ 3a 3a 6 3i 3

Replacing ;/6=n/2—n,/3 and rearranging the terms gives

3a 3a

b 2\/b2_3acsin us +Lcosh71(u)+2n(k_1)
2 3i 3

By applying sin(m/2+u)=cos(u), it follows that

__jL_QJK—sacC% 1wmﬁr%M+2"M_l)
~ 3a 3a 3i 3

Writing the fractions with a common denominator in parentheses yields

__b _2—\/b2—3ac cos Lcosh_l(u)+i—2n(k_1)

"~ 3a 3a 3i 3i
Applying identity (I) gives

b (b ~3ac 1 Ly i2m(k—1)

=34 —Tcosh(gcosh (u)+T

The result is derived by substituting u for the previously defined expression
and then re-indexing the value of k.

9abc—2b’-27d°d
42c )392 <—1, formula (55d) becomes

+> If

2(b*-3ac
_ b 2 2 1 4 |9abc—2b’-27d°d || i2nk | | _
Xpe1= 3a  3a |30c b cosh(3 cosh ( 2(|3ac—b2|)3/2 )+ 3 ), k=0,1,2.

By applying cosh™(—u)=in—cosh(u), Which gives one real root and two complex
conjugate roots:
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3 2 .
xk+1:—b——2— 3ac—b|cosh L osh1|[2abe—2b _276;/621 _im(2k+1) ,k=0,1,2. (55¢]
3a 3a 3 2(‘3GC—bZ|) 3
> If 3ac-b?=0, then formula (55b) becomes
+vV3ac 13 3/2 2 3 (2ink/3)
- + —27 k= 1,2
Xio 20 3o (3ac) ade , k=0,1,2, (55f)

where the choice of £ depends on the sign of b. The positive sign is used if b >
0; otherwise, the negative sign is used. Formula (55f) can be expressed in
terms of b,

L Liy_27a'de™ ™ k=0,1,2. (559)

X, =—
krl 3a 3a

Proof
We use (55b) to prove (55f) as follows:

Define u=3ac—b’, A=2—,
3a

and
. 9abc—-2b’-27a’d _=*(3ac)’?-27d°d
B= lim > = 5 )

b +ac

Then from (55b), we consider taking the limit of the expression below as u
tends to O:

2
ii_r)r;A usinh(%cosh_1 BB/Z):P_I)I;A usinh( 3/2 3 -1
:£i_r)r3A usinh(% e 31/2 \/B —u))
=lim A\/usm (%1D(B+\/B —u )——lnu)
x=0

=lim A\/u smh(3 ln(B+ B —u’ )) cosh(;—lnu)

x>0
ucosh(:l; B+\/B —u ))smh (2 1nu)
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(Using results [2-A-7] lim &cosh(;—ln(x)):%,and lim \/;Sinh(;_ln(X)):_% )

x>0 x>0

-4 sinh(l—ln (2B))+écosh(1— In(2 B))
2 3 2 3

:% lsinh (;—m(z B))+cosh(;—ln (2 B))

:Aexp (l In(2 B)+

2mik
2 3

3

_Aﬁﬁ 2mik
== exp( 3 ) (56)
Substituting A and B into (56) yields the desired result (55e).
Summary of Solution to the Cubic Equation (Type 2)
Cubic equation: ax*+bx*+cx+d=0 (a#0)
Define
D=3ac—-b’ (57 a)
3 2
T:9abc—2b —27a d (57b)

2D3/2

1. Case D > O:

The equation has one real root and two complex conjugate roots, given by formula
(55b), that can be simplified to the form,

b _'_2\/3ac—b2

Xji1 sinh lsinh_l(T)+2mk
3a 3a 3 3

), k=0,1,2 (57 c)

and by applying (46b) to (57c¢), which gives solution in the radical form,

b \/H (T+ /T2+1)1/3ei2nk/3_(T+ /T2+1)_1/3ei2nk/3:|’k:(),1’2. (57d)

X =
k+1
* 3a

2. Case D < 0:
In this case, T becomes
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:9abc—2b3—27a2d
2(|DIf"*

(57e)

a. If -1<T<1, the equation has three distinct real roots, provided by formula (55c),
which can be simplified to the form,

v =—_b 2
17 34 3a

|D|sin(%sin_1(T)+2gk), k=0, 1, 2. (57f)

Applying (46f) to (57f) yields the solution in the radical form,

Xk+1:_b__@[(1‘T+\/1—T2)1/3ei2"k/3—(iT+\/1—T2)1/3ei2"k/3],k:0,1,2. (57g)

3a i3a

b. If T > 1, the equation has one root and two complex conjugate roots, obtained
through formula (55d), which yields to the following hyperbolic and radical forms:

_ b 2 =1 i2nk)

X1 = =3 *om |D|cosh(3 cosh™ ' (T )+ 3 ), k=0,1,2 (57h)
b V|D| ( 2 )1/3 i2nk/3 ( 2 )_1/3 —i2nk/3 ,

X = +——|\T+VT? =1 e +HT+VT*-1) e : (571)

3a 3a
(The radical form can be obtained by applying (46b) to (57).)

c. If T < -1, the equation has one root and two complex conjugate roots, given by
formula (55d), which can be simplified as follows:

* Hyperbolic form:

b 2 1 1 im(2k+1)
=— 2 +=|D|cosh | = cosh™(|T|) - —=——=|, k=0, 1, 2. 57 k
X1 =3 +3—\|Dlcos (3 cosh™*(|T]) 3 ) 0,1, (57 k)
Or
XM:_BL _2_1/|D|Cosh(lcosh1(|T|)+12”k ) k=0, 1, 2. (571)
a 3a 3

* Radical form:
b \/H 2 173 —in(2k+1)/3 2 —1/3 im(2k+1)/3
X =73, +§' IT+VT"-1) e +\|T|+VT -1 e (47 m)

3. Case D = 0:
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The equation has one real root and two complex conjugate roots, given by (55e) or

(55f):

Xk 1:_L s L3
¥ 3

v b*—27a*de*™ % k=0,1,2. (57n)

If the expression +(3qc)>~274*d=0 or c=3vad? then the equation has three identical
real roots, namely

X, =X,=X =i3i, 570
’ a

where the negative sign is used if b is greater than or equal to 0; otherwise, the
negative sign is used.

Notes:
e iis the imaginary unit.

* ei2"/3=;—(—1+i\/§) and ei4"/3=;—(—1—i\/§).

C. Solution to Cubic Equation (Type 3)

We develop another solution to cubic equation (30) by using the triple angle identity
for tangent [2-A-9] which is expressed as

_3tanx—tan3x
1—3tan’x

tan (3 x| 58]

By multiplying through both sides of (58) by a (a # 0), which gives
:atan3x—3atanx
3tan’x—1

atan (3 x)

Then adding b to both sides gives

atan’ x—3atan x
atan(3x)+b: +b

3tan’x—1

By setting both sides to 0, which gives a system of two simultaneous equations:
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ax’—3ax
3x°—1
atan(3tan"'(x))+b=0

+b=0 (a#0)

Chapter 2

(58a)

(58b)

By solving x from (58b) after replacing b by b/3 and multiplying through both sides of

(58a) by (3x%-1), we get

ax3+bx2—3ax—%=0 (a#0]

—_tan|Lan (2
xX= tan(3 tan (Ba))

Replacing x with x/c gives
3
€ —p (a#0)

3 2 2
ax’+bcx"—3ac x—

X=—ctan (1— tan ' (L))
3 3a

Replacing b with b/c gives
bc’

ax3+bx2—3aczx—3—=O

X=-—ctan 1—tan_1 _b
3 3ac

(a;éO)

By replacing c with \/g, which gives

ax3+bx2—cx—£=O
9a

x:—q/itan 1—tan71 b
3a 3 ”/3(1C

Replacing x with x + d gives

(a#0)

ax3+(b+3ad)x2+(3ad2+2bd—c)x+ad3+bd2—cd—9— 0

x:—d—\c—tan ltarf1 b
3a 3 V3ac

(59a|
59)
(59b)
(60a)
60)
(60a)
(61a)
60)
(61b)
(62a)
62)
(62b)
bgz (a%0] (634
63)
(63b)
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Replacing b by b - 3ad gives

af+bxﬁ{2bd—3ad{—dx+bd?—2af—2§d —32:0 (a#0) (64a)
1 b—3ad (64)
c -1 —oda
X=—d—{/—tan| —tan (64 b)
3a (3 (“/3GC ))
Replacing c with 2bd-c-3ad? gives
2
ax*+bxi+cx+2C p2ed 2bd (a#0) (65a)
9a 3 9a
) (65)
X:_d_\/Zbd—BC—BCId tan ;Ttanl b—3ad (65[))
a JBa@bd—c—Sadﬂ
By setting
2
bc 2cd —2b61:D,
9a 3 9a

then multiplying through both sides by 9a, which gives
bc+6acd—2b°d=9aD.

Solving for d gives
d:9aD—bi.
6ac—2b

Therefore, we rewrite the expressions,

2
Zbd_c_3ad2:2bm _C_3G(M)

6ac—2b’ 6ac—2b°
_4b@aD—bcMBac—bﬂ—4c@ac—#f—3a@aD—bcf
- 4Bac—b¥
_162a’bcD+9ab’c®—36ab’D—243d’D*—364°C’
- 4(3ac—b*f
_9a(18abcD+b*c’— 4’ D—27d*D*—4ac’)
- 4(3ac—b2)2

and
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9aD—-bc
6ac—2b°
_9abc-2b’-27a’D
- 2(3ac—bﬂ

b—3ad=b—-3a

Substituting the results of the two expressions above into (65) yields

ax’+bx*+cx+D=0  (a#0) (66a)

_ bc—9aD /3(18abcD+b2c2—4b3D—27a2D2—4ac3) 1. 9abc—2b*-274’D (66)

= = > tan 3—tan (66b)
2(3ac—b’) 2(3ac-b’) 30\/3(18abcD+bzczf4b3D727a2D274ac3)

We now can rename D as d to both (66a) and (66b) in (66), and then express (66b)
in terms of periodicity of tangent, which gives

ax’+bx’+cx+d=0 (a#0) (67a)
bc—9ad
X = ————— 67
“1 2(3ac—b?) 67)
2 2 T 252 3 513 2
_\3(b*c*+18abcd—4b i L N EI 9abc—2b*-27d’d K 67p)
2(3ac—b? 3 3ay/3(b’c*+18abcd—4b*d—27d’d—4ac’)
for k=0,1,2.

Formula (67b) provides solution to the general special equation that cover all real
numbers, since the domain of inverse tangent is defined in the interval (-o0, o). If
the sign of (b?c?*+18abcd-4b’*d-27a’d?*-4ac®) is negative, it leads to the appearance of
an imaginary unit i. In such case, the solution to the equation is in the form of

tanh(%tanh_l[]) for the domain defined in (-1, 1), and in the form of Coth(;—coth_l[]) for

the domain defined in (-c0, -1) or (1, o). We will elaborate on these points in the
following Special Cases section, where we will provide further proofs. In addition, we
observe that

27 d*(b*c*+18abcd—4b*d—4ac’—27a*d*)=4(b*~3ac) —(27d*d+2b°~9abcf

Then formula (67b) can be rewritten as

k+1

9ad—bc \/4(b2—3ac)3—(9abc—27a2d—2b3)2 1. 4 9abc—27a°d-2b* mk
== + 5 tan| —tan = > +? .(67c)
2(b*—3ac] 6alb*~3ac] 3 ¢4(b{—30c)—427a2d+2b3—90bc)

Special Cases in (67b)
1. Case (b°c’+18abcd-4b’d-27a’d*-4ac’®) = 0:
In this case, formula (67b) provides three simple roots, two of which are identical:
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_ 9ad-—-bc

= fork =0, 2
e Z(bz—Sac)
and
3 2
X2:4abczb 9a°d fork = 1.
a(b —3ac)
Proof

Chapter 2

« At k = 0, we observe that tan(1/0) approaches /2 By substitution, we obtain

_9ad-bc 0 (n)
X\ == +—— tan| —
2(b —3ac) 2(b —3ac) 6
_9ad-bc
2(b2—3ac)'

+ Similarly, at k = 2, we get

_9ad-bc 0 moo2m
X3= 7 t— tan €+3—
2(b —3ac) Z(b —3ac)
_9ad-bc
2(b2—30c)
« Atk =1, we have
_ 9ad-bc 0 TT
X=— t— tan 6_+3_
2(b —3ac) 2(b —3ac)
9ad—-b
:—az C 4000, which is an indeterminate form.
Z(b —3ac)

To evaluate whether the limit of x, exists, we set

\/3(3b2c2+54abcd—12 b’d—12ac’-81a*d*)=h

and
9abc—27a2d—2b3:

A.
3a

Then x2 from formula (67b) is rewritten in terms of h and A as indicated in the

following limit:

107



Chapter 2

T 9ad—-bc 1 1. 1A\«
x,=lim > +— htan{—tan | — |+
hso [2(b°=3ac) 2(b*—3ac| 3 3

As h tends to O, it results in (0)(tan(n/2)) or gives an indeterminate form of
(0)*(c0) in which the value oo is only relevant to cosine. Therefore, the above
expression is simplified and rewritten as

—1i 9ad—bc 1 h

X,=lm 2 + 2 .

h-0 2(b —3ac) 2(b —3ac) COS(l—tanl(A)"'E)
3 h 3

Applying L'Hopital's rule to h gives

. 9ad—-bc 1 1
= 2(b'—3ac) 2(b'—3ac) 1 A
Asin(—tan_l(—)+£)
3 h/ 3
3(h’+A?)
9ad—-bc 1

= + T 3A
Z(b 3ac) Z(b 3ac)

_ 9ad-bc +9abc—27azd—2b3

_2(b2—30c) 20(b2—300)
:4abc—b3—9a2d
a(b2—3ac)

which we complete the proof.

Example. Find the roots of the cubic equation 3x>-16x>*+28x-16 = 0.

The coefficients of the given equation area = 3, b = -16, c = 28, and d = -16. When
we substitute these values into solution formula (67b) or (67c), it fails because the
denominator is zero, namely

b’°c*+18abcd—4b’d—4ac’—27d°d* =
(—16)*(28)*+18(3)(—16](28) (- 16)— 4 (— 16)*(— 16)—27(3*)(— 16} — 4 (3)(28)*=0.

In this case, the formula from Special Case previously described is used to provide
the solution to given cubic equation as follows:
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. = 9ad-bc :9(3)(—16)—(—16)(28):2
Y 2(b*=3ac)  2((—16F—3(3)(28))

. _4abc—b'-9a’d _4(3/(-16)(28)—(- 16—
> alb*-3ac) 3((—167-3(3)(28))

9(3%)(—-16) 4

3

2. Case (b°c?*+18abcd-4b*d-27a*d*-4ac’) < 0:

_ 9abc—27a’d—2Db’ ,

i. If _1< <]_.
3a\/3(|b2c2+18abcd—4b3d—4ac3—27a2d2|)

By applying identities (K) and (L) to (67c), which can be rewritten as
9abc—27a*d—2b* )+in_k

3

2 9 _ 34 3_ 2 32
_ 9ad—bc +\/3(|b c*+18abcd—4b’d—4ac’~274*d) tanh(l—tanh_l(

xX=
2|b*~3ac] 2(b*~3ac| 3aV3(|b2c+18abed—ab’d—dac’—27d @)
(67d)
N 9abc—27a’d—-2b’ | )
ii. If - - - — >1:
3a\/3(b c’+18abcd—-4b'd—4ac —27a d)

We apply the identity,

-1 17T -1
tanh u=—— +coth "u,

to the following expression:

SRR
—tanh (% — 1% L anh 1(u)+—ink
2 3 3
=tanh (i +1—tanh‘1(u)+l”(k_1))
2 3 3
=coth 1—coth_l( ) im(k—1]
3 3

By re-indexing the value of k with k + 1, therefore, formula (67d) can be rewritten as
)

_ 9ad—be \3(|p*c*+18abcd—ab’d—4ac’~27a°d") coth 9abc—27a*d—2b° )+M

X = :l—cothf1
2(b2—3ac) 2(b2—3ac) 3

3ay3(|p’c*+18abcd—ab’d—4ac’—274°d")
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(67e)
3. Case b*-3ac = 0:
If b°>~3ac = 0 or b=++3ac, formula (67b) or (67c) has a form of 0/0. In this case, to
derive the cubic roots from (67b) or (67c), we can take the limit of b as it approaches
+y3ac, Which results in a similar formula to (43) or (44), namely

*V3ac 13 (2imk/3) 7, _
Xk+1:_T +§ i(3ac)3/2—2702de[2 k/3, k—0,1’2- (67f)

The value of x is determined by the sign of b. The positive sign is used if b > 0;
otherwise, the negative sign is used. Alternatively, to eliminate the need for the +
symbol, formula (67f) can be expressed involving b, resulting in the following
expression:

Xk+1:—i +L3/b3_27a2detzmk/3l’ k=0,1,2. (67g)

3a 3a

4. Case b’-3ac = 0, 9ad-bc = 0 and 9abc-27a*d-2b* = 0:

In this case, the equation has a repeated root. Indeed, by applying L'H6pital's rule on
(67c) for the following quotients, which give
i, lim

9ad—bc _ ¢
bo=v3ac Z(bz—Bac) 4b

\/4(b2—3aC)B—(27a2d+2b3—9abc)2 i(27a*d+2b°—9abc)

b xi3ac 6alb*~3ac) bss3ac  6alb’—3ac)

. il6b*-9ac)

_bei\fa 12ab
. 2

:w (preferable form)

a

:i+V 34“ (less preferred form)

T~ 4d

Notice that we avoid using the last form due to potential ambiguity resulting
from the plus or minus sign. Instead, preference is given to the preceding form.

2 3
i lim tan 1—tan71 abc—27a°d-2b ) :itanh(:l)?tanhl(i)).

b>=V3ac 3 \/4(b2—3ac)3—(27(12d+2b3—9abC)Z
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Therefore, by putting all expressions together, formula (67c) yields
X =__C _2b2—3ac
17 4b 4 ab

tanh(%tanh_l(l) ”;k) k=0,1,2. (67 h)

But we have tanh(%tanh_l(l) n;k) 1 [see the proof in Appendix 2-A-10], which

(67h) can be deduced to yield a repeated root, namely

ac—b’
2ab

(671)

Example. Find the roots of the equation 8x’-36x*+54x-27 = 0.

Solution. The coefficients of the given equation area =8, b = -36, c = 54, and d =
-27. Formula (67b) or (67c) cannot be applied because all of the following quotients
become indeterminate if plugging in the coefficients, namely

. 9ad—bc __ 9(8)(=27)-(-36)(54) _0
2(b2—3ac) 4(-36) 0
. Valb—3ac/—[27a*d+2b"-9abe] _y4(|-36)"-3(8)[54)"~(27(8") 27 )+2| 36) —9(8)-36)-27)]" o
6a(b*—3ac| 6(8)(-36/—3 )) 0
. 9abc—27a%d—2b° 9(8)(—36)(54)-27(8%)(—27)— 36)3 0
\/4(b2—300) —(27ad+2b’~9abc | J4 —36)-3(8)(54))"~(27(8(—27)+2(—36~9(8)~36)(54) °
Applying formula (67e) gives
X =X, =X,= ClC—bz = 8(54)_(_36)2 :é
T 2ab 2(8)(—36) 2"
Summary of Solution to Cubic Equation (Type 3)
Cubic equation: 5., 2. . .4-0 (a0
Define
D=3(b*c*+18abcd—4b°d—4ac*—27 a* d* (67 k)
and
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2 3
:9abc—27a d-2b (671)

30\/5

T

1. Case D > 0 and b?>-3ac # O:
The equation has three distinct real roots, given by formula (67b) or (67c):

_ 9ad-bc + \/B
2(b*=3ac) 2(b*-3ac)

tan(%tanl(T)+ﬂ),k:0,l,2, (67 m)

k+1

3

By applying (46g), we convert formula (67m) to the radical form,

N _9ad—bc \/B (1+iT) 2™ —(1-iT)
“Ua(b—3ac) i2(b*=3ac) (1+iT) ™ P H(1—iT)

1/3

k=0,1,2. (67n)

2. If D = 0 (or T is undefined):
The equation has three simple roots, two of which are identical:

9ad—bc
=2d¢79¢ 670)
b 2(b2—3ac) (
and
4abc—b*—9d°d
a(bz—Sac) ( )

(See Special Case 1.)

3. Case D<O:
T is rewritten as
9abc—27a°d-2b’
_ . (67q)

30@

T

Considering two possible scenarios:

a. a. If -1<T<1, the equation has one real root and two complex conjugate roots,
provided by formula (67d):

_ 9ad-bc + \/H

“2(p*~3ac) 2(b’-3ac)

tanh %tanh%’[ﬁ% ,k=0,1,2, (67r)

Xk+1
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By applying (46c), formula (67r) is transformed into the radical form,

) :9ad—bc . \/H (1+T)1/3ezink/3_(1_T)1/3
“Uo(p*=3ac) 2(p*-3ac) (1+T) P P4 (1-T)

k=0,1,2. (67s)

b.If T<-1orT > 1, the equation has one root and two complex conjugate roots via
formula (67e):

_9ad-bc . \/ﬁ

_2(b2—3ac) 2(b2—3ac)

coth é—coth_l(T)+% ,k=0,1,2. (67t)

Xk+1

(See Special Case 2.)

By applying (46d), we convert formula (67t) to the radical form,

X = ad=bE Dl (T+1)" &4 (r k=0,1,2 (67u)
k+1 2(b2_3ac) 2(b2_3ac) (T+1)1/3e2ink/3_(T_1)1/3! s 4y &

4. Case 3ac-b* = 0:
the equation has one real root and two complex conjugate roots, given by

xkf—% +$31(3ac)3/2—z7a2de[2f”“3‘, k=0,1,2. (67v)

The choice of £ depends on the sign of b. The positive sign is used if b > 0;
otherwise, the negative sign is used. The formula can also be expressed in terms of b,

X =— 2 + L b =27 a*d ™Y k=0,1,2. (67 x)

3a 3a
(See Special Case 3.)

5. If b°’-3ac = 0, 9ad-bc = 0 and 9abc-27a*d-2b* = 0,
the equation has three simple roots and they are identical:

2
__ _ac—b
X=X, = X3 = Sab

(See Special Case 4.)

(67 z)

Note:
* iis the imaginary unit.
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. eiz"”:;—(—lﬂ'\/g) and ei4"/3:;—(—1—i\/§).

Example. Use cubic formula (type 3) to find the roots of the cubic equation,

xX’+x*+3x+5=0.

Solution. To find the cubic roots of the given equation, follow these steps:
1. Identify the coefficients: a=1,b=1,c=3,andd = 5.
2. Determine the values of D and T:

D=3(pb’c*+18abcd—4b’d—4ac’—27d* &)

=3(1°3%+18-1-1-3-5-4-1*-5-4-1-3°-27-1. 5
=—-1572<0.

Because D < 0, it follows that (67q) is used to determine T:
T:9abc—27£d—2b3
3a\/|D|
_9-1-1-3-27-1*-5-2-1°
3-1-V—1572

—__ 5

3\/393
=-0.9247 ...

Since D < 0 and -1<T<1, formula (67r) is applied. By substituting the coefficients,
we obtain the roots,

Xlz—% —% 393tanh(%tanh1(— SE )),

3V393
xZZ—E L 393 tanh 1—tanh_1 S, 2n
8 8 3 31393 3

and

x3:—2—l ~L /393 tanh | L tann [ - —22— |+ 127 ).
8 8 3 31393
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Additionally, applying formula (67s) gives the solution in radical form as follows:
393 —-55 )l/3+ (—3 393 —-55 )1/3

3
21 @( 31393 34393

Xl: 1/3 — 1/3
8 8 (3 39355) - (3%39355)
3

393 3\/£

1/3

21 /393 (3v393-55) "= (31393455
(3 393_55)1/3 )1/3 J

8 8 + (3\/ﬁ+55

21 393 (3v393—55)" [~ 1+i43) —2(31393+55)
Xz__? + ) — 173 s 1/3
(3v393-55) (= 1+iV3) + 2(34393+55)

and
21 4393 (3V393-55) (- 1-iv3) —2(3V393+55)
X3__?+ ) — 1/3 — 1/3 °
(3V393-55) (= 1-i3) + 2(31/393+55)

Section III. Solving General Quartic Equation

The general quartic equation [9] is expressed as
ax‘+bx’+cx*+dx+e=0 (a0, (70]

where a, b, ¢, d and e are real numbers.

We use (20) as our starting journey to seek solution to the quartic equation in the
following steps:

1. Define

Tk:(lcos [;—cos_l(l—{g;zc )+n k]), k=0,1.

2. Rewriting (20) in terms of Tk gives

ax’+bx+c=0 (a#0)

Xpe1= 7 2a T,
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3. By replacing xu:; with §+

gives

ax*+bdx’+(2ade+cd®) x*+bd*ex+ad*e’=0 (a#0)

x2+bT"
2a

4. Solving for x from quadratic equation (72b) gives

ax*+bdx’+(2ade+cd®) x*+bd*ex+ad’e’=0 (a#0)

-

Xj+1:

x+de=0

bd T,

1—-cos 1—cosf1 1-—
4a 2

e

32d’e
b*dT?,
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< into (71), expanding the terms and simplifying, which

(720)
72b) 72)
(73a)

73]
(73b)

For each value of j, formula (73b) gives two roots, corresponding to k = 0 and k = 1.
Therefore, it gives a total of four roots for equation (73a), corresponding to the
combination of j = 0 and j = 1, as follows:

X =

Xy,=

1—cos_l(l—
2

1—cos_l(l—

bdT,
— 1—cos
4a
bdT,
— 1—cos
da
deO(
— 1—cos
4a
del(
— 1—-cos
4a

2

lcos_l(l—
2

1 -1
—cos |1—
2 (

32de

b’d T,

32a’e

b*dT?

32d°e

b’ d T

32d°e

b*dT?

>ﬁ
|

>§
|

~— -

(73¢]

(73d)

(73 e]

73f)

To ensure consistency in trigonometric function usage, we refrain from referencing

Appendix [2-A-5] to simplify formula (73b).

5. By replacing b with b/d into (73) and rearranging the terms, which gives
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ax‘+bx*+(2ade+cd’)xX*+bdex+ad’e’=0 (a0 (74 a)
bT, 1, 32dde). . || . 74)
. = — ]_— — —_ = .
X1 ia ( cos[2 Ccos (1 T +jm|],j=0,1 (74 b)
where

2
Tk:(l—cos[;—cosl(l—Sabid )+n k]), k=0,1.

6. By replacing c with (c-2ade)/d? into (74) and rearranging the terms, which gives

ax*+bx’+cx’+bdex+ad’e’=0 (a#0| (75a)
bT, 1 4, 32d°de (75
= 1- — 1———|+nj]||,j=0, 1. 75b
X == ( cos[2 cos ( VT, mjll,j=0, (75b)
where
Tk:(lcos[;cosl(lSG(C_;ade))+nk]),k:O,l.

7. Replacing d with d/(be) and simplifying further gives
ad’

ax4+bx3+cx2+dx+bT=0 (a#0) (76 a)
bT 1 32a*d 76)
_ a . .
xj+1:—4ak(1—cos[2cos 1(1— s )+n]]),]:0, 1, (76 b)

where T,= (1cos [;— cosl(l—M)ﬂt k]), k=0,1.

Equation (76a) is an incomplete quartic equation lacking the coefficient e. In the next
four steps, we illustrate how to construct this coefficient e, thereby completing the
quartic equation to its general form.

8. Let p be a real number. Replacing x with (x+p) gives
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2
ax4+(b+4ap)x3+(c+6c1p2+3bp)x2+(d+4ap3+3bp2+20p)x+abi2 +ap*+bp’+cp’+dp=0 (a#0) (77a)

77)
2
xj+1:—p—l;1;:(1—cos[§cos1(1—i§;zd )+nj]),j =0, 1, (77b)
k
where T« is the same in the step 6.
9. Replacing b with b-4ap and (b-4ap) # 0 gives
2
ax4+bx3+(c—6ap2+3bp)x2+(d—8ap3+3bp2+2cp)x+m—30p4+bp3+cp2+dp:0(a;tO) (78a|
78)
— 2
Xj+1:_P_%(1—COS[%COS1(1—%)+Hj])j =0,1, (78b)
- k
_ 8albc—4 —2ad
where T,=|1—cos 1—cos 11— a( ¢ acp3 a ) +nkl||,k=0,1.
2 (b—4ap]
10. Replacing ¢ with (c+6ap?-3bp) gives
2
ax4+bx3+cx2+(d+4ap3—3bp2+2cp)x+30p4—2bp3+cp2+dp+m:0 (a#0) (79a)
(79)
(b—4ap]T, 1 32a°d 1 .
Xj+1:—p—T 1—cos 2—COS 1—m +7T ,]:0, 1, (79b)
where

8a(24d’p’~18abp’+(4ac+3b’ p+2ad—bc] )+nk]’ k=0,1.

T,=1—cos l—cosf1 1+ 2
2 (b—4ap]

11. Replacing d with (d + 3bp? - 4ap® - 2cp) gives
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3 2 3 2 2 2 2 2
ax4+bxg+cxz+dx+ua+8a d—4abc)p*+4ac izbj b)fh;+(bc1 4acd)p+ad —0(a%0] (80a)
“4ap

(b—4ap]T, 1 . 32a%(d+3bp*—4ap’~2cp)
X =—p————| 1—cos|=cos | 1— +mjll,j=0,1, (60b
T 4a D) (b—4ap T2 J1] (60b)

(80)

where

2 2 3 2
T,=1-cos 1—cosf1 1_8a(12abp +be~16a 'D3 3b°p Zad) +mk |, k=0,1. (80c)
2 (b—4ap]

We note that (b—4ap)3—4a(120bp2—16a2p3—3b2p+bc—2ad)=b3+8a2d—4abc.

Hence, we rewrite the expression,
8a12abp?—16dﬁf—3b2p+bc—2ad)_z_sahzabp?—16ahﬁ—3b2p+bc—2ad B
(b—4ap/f (b—4ap)

_ 2(b*+8a°d—4abc)
(b—4ap)’

1- 1

12. Setting
(b*+8a’d—4abc)p’+l4ac’—2abd—b*c)p*+(b*d—4acd)p+ad’ _,
(b—4ap) '

(81)

Multiplying both sides of (81) by (b-4ap)? and moving all terms to the left-hand side
of the equal sign gives the cubic equation in p:

(b*+8a’d—4abc)p*+(4ac’*~2abd—b*c—16ad’e)p*+(b*d+8abe—4acd)p+ad*—b*e=0. (82)

By using cubic formula (40b) to solve for p, which gives:

2

_16d’e+b’c+2abd—4ac’ LZ\/(4GC2—20bd—b2C—16(126) 3(b*+8a*d—4abc)(b*d+8abe—4acd)

- 3(b3+8a2d—4abc) N 3(b3+8a2d—4abc)

where

V=9(b3+802d—4abc)(4acz—20bd—b20—16026)(b2d+8(1be—4acd)—2(4acz—20bd—b2c—1602e)3—27(b3+8azd—4abc)2(ad2—b2e)
2((4(102—2abd—b2c—16aze)2—3(b3+8¢12d—4(1bc)(b2d+8(1be—4acd))3/2

*cos(gcos*(v)) (83)

Solution to the Quartic Formula
We obtain the solution to the quartic equation by substituting the expression
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involving e as indicated in (81) into (80a) and value of p from (83) into (80b),
resulting in:

| ax*+bx’+rcx’+dx+e=0 |az0] (84a)
(b—4ap|T, | . 320%d+3bp’—dap’—2¢p) ' S
Xy =—p—— Pt 1 cos| T cos 1[1 a’ld+3bp 2P 2P | | =01 (84b)
: 4a 2 (b—dap[T;
where [84]

- | \
2| bP*+8a*d—4ab
L \b7+8a7d—4abc) —1}»54{

| T,=1—cos —cns_l( - L k=0,1. (84c)
2 | |b—dap’

16a%e+bic+2abd—dac® 2 |4ac’—2abd—bic—16a%e | —3|b*+Ba’d—4abc| bid+8abe—dacd| .
_ Al e 3 4abc

3| b*+8a’d—4abc | 3| b*+8a’d—4abc)
V_gl' b*+8a’d—4abe || 4ac’—2abd—bc—16a’e || B d+Babe—dacd |2 4ac’—2abd—b'c—16a’e ' —27| B +8a’d—4abe | ad’— b |

cos jg;ms_;"V | J [84d]

£

2|(4ac?-2abd—bc—16a% '~3(b*+8a’d—4abc | b'd+8abe—dacd ||

We expect the value of p derived from cubic formula to be a real root under
assumption that all coefficients are real. It is stated not just as cos((1/3)cos™(V)) for
-1<V<1, but also as cosh((1/3)cosh™*(V)) for V > 1 or V < -1 provided that the cubic
equation delivers a real root. More information can be found in the Solution to Cubic
Equation section. Formula (84b) provides four roots to quartic equation (84a). The
first two roots corresponding to j = 0 for both k = 0 and k = 1 are:

b—4 T 2(d— 3 2
Xl:_p_(—ap) 01— cos| - cos [ 1-329 [d—4ap +33b€ 2cp) (84e)
4a (b_4aP)To
b_4 T 2 _ 3 2_
=—p—( ap) 0 [ gin? —lcos_l 1_32a (d 4ap +33b;2) 2cp) (84f)
2a (b_4aP)T0
b_4 T 2 _ 3 2_
x2:—p—(—ap) 11— cos| L cos | 1-329 [d—4ap +33b€ 2cp) (84¢g)
4a (b_4aP)T1
b—4 T 2(d— 3 2
=—p—( ap) ! gin? —1cosfl 1_32a (d dap +33b,z2) 2Cp) (84h)
2a (b—4ap|'T;

Similarly, the last two roots corresponding to j = 1 for both k = 0 and k = 1 are:

Xg=—p—

b—4 T 2(d— 3 2
(—ap) % {1+cos lc0571 1—320 (d 4ap +33b€ ch) (841')
4a (b—4ap|'T,
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b—4 T *(d— 3 i
=—p—( ap)T, cos? icosfl 1_320 (d 4ap +33b;2) 2Cp) (84 k)
2a 4 (b—4ap)'T;
b—4 T *ld— 3 i
X4:_p_(—ap) L[ 1+cos 1—cos_1 1—320 (d 4ap +33b12) 2cp) (841)
4a b—4ap] T
b—-4 T *[d— 3 i
=—p—( ap)T, 0s? 1—cos_1 1_32a (d 4ap +33b;2) 2cp) (84m)
2a 4 (b—4apfT?

Formula (84b) provides a solution to general quartic equation. However, this solution
is only valid when the argument of the inverse cosine resides within the interval [-1,
1]. This situation is similar to that of cubic formula (40b). It implies analogous
solution (84b) to cover roots within the intervals (-o0, -1] and [1, o), but in the form
of the hyperbolic cosine and its inverse. Indeed, we have cosh(2cosh™(x)) = 2x*-1,
which gives the same result as the composition of the double angle cosine with its
inverse does. As a result, we obtain:

ax*+bx’+cx*+dx+e=0 (a#0) (85a)
(b—4ap)T, 1 Ll 32d%d+3bp*—4ap’~2cp)
X, ,=—p——— | 1—cosh| —cosh [ 1 +imj||,j=0,1. 85b
=P 5 b_dapT? il (85b)
where (85)

b3+8a2d74abc)

T,=1-cosh lcosh_1 2( 3 —1 |+ink |, k=0,1. (85¢)
2 (b—4ap)

_16d’e+b’c+2abd—4ac’ LZ\/(4acszdefb2071602e)273(b3+802d74abc)( b2d+8c1bef4acd)
3(b3+8¢12d—4abc) I 3(b3+8a2d—4abc)
_9(b3+8c12d—4abc)(4002—2abd—b2c—16026)( b2d+8abe—4acd)—2(4ac2—2abd—bzc—16a2e)3—27(b3+802d—4abc)Z(adz—bze)
2((4ac2—2abd—bzc—16a2e)2—3(b3+8a2d—4abc)(b2d+80be—4acd))3/2

*cosh(:l):cosh_l(V)) (85d)

\%4

It is crucial to emphasize that we have the ability to express quartic formulas (84b),
(84c), (85b) or (85c) in the radical form by using formulas (46a) or (46e) without
loss of generality.

Analysis of solution form (84)
a. Transform Tk into Radical Form

We proceed to transform the form of T« found in (84c) [or (85c)] into a radical form
by using identity (1.3),
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cos(;—cosl(u)):i\/Hu,

as follows:

_,[2\b*+8a*d—4ab
T,=1—cos Lcos ! ( toa 3a C) —1|+nmk|, k=0,1.
2 (b—4ap)

Putting k = 0 and k = 1, we have

T)_p,=1Fcos

lcmq,1_8ah2abplqﬁaﬁf—swp+bc—2a®
(b—4apf’

|1 [2(b°+8a*d—4abc|
=1Fcos|—cos 3 —1
2 (b—4ap)

(85¢e)

:11\/b3+8a2d—4abc
(b—4apf’

b. Case of b®*+8a?d-4abc =0

We consider a case where solution formula (84b) or (85b) divides by zero. If b*+8a?
d-4abc equals zero, we observe that cubic equation (82) becomes the quadratic
equation in p:

(4ac’~b*c—16a*e—2abd)p*+(b*d+8abe—4acd)p+ad’*—b*e=0. (86)

We use traditional quadratic formula solve for p, which gives

_—(b2d+8abe—4acd)i\/(b2d+80be—4acd)2—4(4ac2—20bd—bzc—16aze)(ad2—b2e)

= 87)
P12 2(4ac2—2abd—b2c—16a2e) (

(b2d+8abe—4acd)i\/dzb“+8bazd3+8adeb3+64ed2a3+160eb2c2—4ceb4—4acb2d2—64bcdea2

(88
2(4ac2—2abd—b2c—16026)

and solve for T« from (85e) in which we get Ti-o,1 = 1.

Next, by substituting T«-o,: into (84b), we obtain
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b—4ap 1 ¥ cos
4

_ 2d°ld—4ap’ 22
X1:X20rX3:X4:_p_ ;_COS 1(1_3 a (d ap +3bP CP) )] . (89)

(b—4apf’

(Note: This formula cannot be applied because b?-4ap = 0.)

However, when we tested the formula (89) with a few examples, we found that the
results were not calculated due to a division by zero error. This is because b*-4ap is
also equal to zero which contradicts the assumption stated in step 9. As a result, it
appears that formula (89) is invalid because (84b) or (85b) fails to handle in this
case. To prove this, we need to investigate why b%-4ap is zero by taking the limit of
(84b) as b*+8a*d-4abc approaches zero (or d approaches (4abc-b*)/(8a?)) as follows:

p= i 16a’e+b’c+2abd—4ac? +\/(4ac2—2 abd—b’c—16a’) —3(b*+8a2d—4abc)(b’d+8abe—4acd)
3(b*+8a*d—4abc] 3(b*+8a’d—4abc)

3
d_)4abc;b
8a

By respectively taking the derivative of the numerator and denominator with respect
to d using L'Hospital’s Rule, we obtain

= lim
3
d_)‘laszb
8a

12a

b +2(4ac2—2abd—b2c—16a2e)(—2ab)—3[(8&2)(b2d+8abe—4acd)+(b3+8a2d—4abc)(b2—4ac)]
48a2\/(4ac2—2abd—b2c—16a2e)2—3(b3+8a2d—4abc)(b2d+8abe—4acd)

Substituting the expression (b*+8a®d-4abc) by zero and simplifying further gives

12a 12a(4ac’~2abd—b’c—16a’e)

3
_)4abc;b
8a

~ lim {b b(4ac2—2abd—bzc—16a2e)+6a(b2d+8abe—4acd)]

<}

5 (b2d+8abe—4acd)
= lim —
Ldabe-b’ 2(4ac2—2abd—b2c—16a2e)

d
8a’

3 3
b24abC2 b +8abe—4ac4abc2b
_ ] 8a 8a
- 3
2(4acz—2ab40l;;2b —bzc—16aze)
a

4 2 3 2 2
b(b 8ab c—64a e+16a C) _b (90)

- 4a(b4—8abzc—64a3e+16a2c2) 4a’

which leads to b-4ap equals zero. Then the proof is complete. How do we find the
solution to equation (70) in this case?
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c. Case b?-4ap = 0 when b3*+8a%d-4abc = 0

We now face the challenge of finding solution to the quartic equation when both
b’+8a® d-4abc and b*-4ap approach zero. How do we find solution to the quartic
equation in this case? To address this, we need to go back to (77a) and (77b) at step
8 which defines parameter p. If substituting p = -b/(4a) into (77a) is the equivalent
to substituting x = u - b/(4a) into (84a), then the result is shown below:

3b2)uz+(b3+8a2d—4abc)u+e 3b* , b'c _bd

au“+(c— (91]

a 8d° 2564° 164> 4a

Under the condition (b®+8a? d-4abc) = 0, equation (91) reduces to a biquadratic

equation in u,

3b2) ) 3b° . b’c bd
u+e— -+ S =

8a 256a” 16a° 4a

au“+(c— (92]

Using traditional quadratic formula to solve for u gives

u21,2=—161 —(8ac—3b7|x—— \/(80c—3b2)2—(5 b*+256a’e —16ab’c)
a 16a
:161 > (3b2—8aci2\/b4+1602c2—64a3e—80bzc)
a

Substituting each of u with x + b/(4a), then taking square root of both sides and re-
arranging gives four roots to the quartic equation, respectively.

><1,z:—4L i%\/3b2—8ac+2\/b4+16a2c2—64a3e—8abzc
a a (93]
X3 4:_L iL\/3192—8ac—2\/b“+16azc2—64a3e—8(1b2c.
’ 4a 4a

If the expression equals zero, then formula

3b2—8ac+2\/b4+16a2c2—64a3e—80b2c
(93) is simplified to -b/(4a), which gives a repeated root to the equation.

Converting (84) to a Depressed Quartic

A depressed quartic is a quartic equation that lacks a cubic term. It can be expressed
in the following form:
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ax*+cx’+dx+e=0 (a#0). (94)

Through the substitution x with x-b/(4a) in (84) we can transform the quartic
equation into a depressed form. An alternative approach is used by putting b = 0 in
(84) that leads to the same result, according to our analysis. We present below the
alternative approach. Readers may refer to the Appendix [2-A-12] for the substitution
approach.

To derive (94), we plug Tk-o,: found from (84e) in (84), which gives

(b—4ap)3/21\/ b’+8a’d—4abc
4avVb—4ap

32a%(d—4ap*+3bp>—2cp)

((b—4ap)3/ziv b’+8a’d—4abc

1

X, =—p— 1—cos ;—cosf 1-

Jj¥1T

)2 )+7Tj ,j=0,1.(95)

Formula (95) indicates there are two roots for each value of j. Hence, it explicitly
gives four roots in total as follows:

_ 3/2_./13 25 2( 5 3 2 ]
Xu:_p_(b 4ap) FVb +8a°d—4abc 1—cos 2—cosfl 1_320 (d dap +3bp ZCp) . (96a)
4a\/b—4ap ((b—4ap)3/21\/b3+8a2d—4abc)
. : (96)
_ 3213 25 2( g 3 2_
Xy 4=— —(b 4ap) FVb +8a d—4abc 1+cos ;—cos_1 1—320 (d 4ap +3bp 2Cp> > (96b)
sab—dap \(b-aapf = {b*+8a*d—aabc)
Now, plugging b = 0 in (96) results in:
32 . 3 ]
=D 4\/0( P) +2d 1—cos %cos_1 1- 8ld—4ap ZCQZ (97a)
4\/—ap (4\%(—p)3/21\/2d)
3/2_ 3 ]
Xy = —4\/2( p)_+ 24| 1 +cos ;—COS_l 1_8(d_4ap 2cp) - (97b) (97)
4\/—ap (4\/0(—p)3/21\/27d)
where
2 \/ 2 2 2 2 2 2\3 2 14
_4ae—c” | (c —4ae) +6acd S lcosfl 18acd (4ae—c )+2(4ae—c ) —27a°d (97¢)
6ad 3ad 3 2((02—4ae)2+6acd2)3/2
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Replacing p with -p in (97) to remove the minus sign out of the square root gives
solutions to depressed quartic (94):

3/2_ 3
lezz_p_4@(p) +2d cod Loog _8ld+4ap™+2¢p) all (98a)
4lap 2 (4alpf 1 2a]
3/2_ [ 3 ]
X&4:_1}_4V2Xp) '+¢Eg 1+cos lcos'1 1— 8(d+4aP +2€p) ’ (98b)(98)
4\/617;) 2 (4\/> 32 )
where
___4ae—13__¢(c%—4aey+6acd2* 1 A4,18acd%4ae—cﬂ+2(4ae—cﬂg—27a2d4 (98¢)
& bad 3ad w SCOS 2«0;—4aef+60cdﬂyz . ’

Moreover, we do the same process for (98) to derive the similar formula, but in
hyperbolic form. Please refer to the Appendix [2-A-13] for the depressed quartic with
the coefficients renamed in the form: ax*+bx*+cx+d=0.

Transform Quartic Formula into Radical Form

We express quartic formula (84b) or (85b) to a radical form. By applying cosine
formula (1.3) to (96a), we have:

_Jb—4ap3n_¢b+80d 4abc 1_;L 5_ Zﬂa%d—4aﬁ+3bﬁ—2cp)

4aVb—4ap V2 (b 4ap3/2+\/b +8a’d— 4abc)2

Xip=—

2
(b—4ap)**FVb’*+8d’d—4abc ) \/((b—4ap)3/ziv b3+802d—4abc) —16a*d—4ap*+3bp*—2cp)

=—p
4a\b—4ap (b—4ap)"*+Vb*+8a°d—4abc

2
B (b—4apf01¢baﬁkfd—4abc—JUb—4apfﬂi¢bqﬁkfd—4abc)—16a%d—4ap%3bpz—2cp)

=—p—
4aVb—4ap

Similarly, we can get the formulas for x3 and x4,

_(b—4ap 3/2_\/b +8a’d— 4abc+\/((b—4ap 3/2_\/b +8a°d— 4abc) 16a2(d—4ap3+3bp2—2cp)
4a¢b—4ap

X34
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Thus, the general quartic formula expressed in radical form is

2
(b—4ap)**+V b3+8a2d—4abc—\/((b—4ap)3/21\/ b3+802d—4abc) —16a*(d—4ap*+3bp’—2cp)
X1 ,=—p
- 4aVvb—4ap (99)
2
(b—4ap ) *=V b3+802d—4abc+\/((b—4ap)3/2$\/ b3+8a2d—4abc) —16az(d—4ap3+3bp2—2cp)
Xy, =—p— .
> 4avb—4ap

where p is the real root of cubic equation getting from cubic formula (84b) or (85b).
Formula (85b) can be converted in radical form using (1.3.3a) at n = 3.

Next, we examine two summaries. Firstly, we present an overview of solution to the
quartic formula expressed in terms of radicals, where the cubic formula is also
expressed in radical form without involving T«-o,1. Secondly, we provide a summary of
quartic formulas in terms of trigonometric and hyperbolic trigonometric functions,
involving both the quadratic and cubic formulas. Then we demonstrate an example of
using the quartic formula to solve a quartic equation.

A. Summary of Solution to Quartic Equation in Radical Form without T

Quartic equation: 4, p 2 1o +d x+e=0 (a#0]

Define
O=b’+8a’d—4abc (99a)
M=b—4ap (99b)
N=16a*(3bp*+d—4ap’—2cp) (99 ¢)

The solution in radicals to the quartic equation is given by formula (99):

Xl:_p_MB/Z_\/B_\/(M3/2_\/6) _N’ (99d>

4a\/ﬁ
_M3/2+\/6—\/(M3/2+\/6)2—N

== , 99

" g 4a\/ﬂ £

m}%Mm_ﬁM(MB/Z_E) -, (99f)
4a\/ﬁ
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M3/2+\/6+\/(M3/2+\/6)2—N
X,=—p— .
4a\/ﬁ

where p is given by (83)

2D COS(1

—cos-l(v>),

o

Q Q

p 2D
Q Q

P —2\/5 cosh(l—
Q Q 3

&
Q

2\/@ sinh(1

3

—— 4+

cosh(%coshl(V)),

coshl(lvn),

+ —sinh

3

Q 2(|D|j*"?

) 3QPR2P33Q25))

or p can be given in radical form:

R =

p=—g— g[(\/+m)l/3+(v+m)‘”],
R e =
p=—g— +l££| (v, +ﬁ)1/3—(vl+m)“3],
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(99¢9)
-1<V <1,
V=1,

(99h)
V<-1,

D<0, VER

D>0,[vV|<1 (99i)
D>0,V>1 (99k)
D>0,v<—1 (99k)

D<0,V,.eR  (991)

(Using formulas (46e), (46a) and (46b) transform all in (99h).)

where
P=4ac’—16a’e—b’°c—2abd,
Q=3(b*+8a°d—4abc),
R=b*’d+8abe—4acd,
S=ad’-b’e
D=P°—QR
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and
3QPR-2P°-3Q°S
V= ) 99
2 (DF7 (994)
Note that only V1 in (991) must be defined as
3QPR-2P’-3Q’S
=329 — @S (99s)

2(|Dl)

Special Case
If M = 0, the solution to the quartic equation are given by (93).

The following summary presents analysis of quartic formula (84b) or (85b) and gives
closed-form solution, specifically designed suitable for simpler calculator. However,
the solution maybe lengthy and our aim is to represent the solution formulas
expressed in terms of cosine and hyperbolic cosine functions in order to investigate
their relationship with other trigonometric and hyperbolic trigonometric functions,
with the potential benefit of inspiring the creation of hew elementary functions later
in this chapter.

B. Summary of Solution to Quartic Equation with T,
Quartic equation: g x*+p x*+c x*+d x+e=0 (a#0)
Define

M_z(b3+8a2d—4abc)
(b—4ap)’

~1, (b#4ap),

_32a2(d—4ap3+3bp2—2cp)
(b—4ap/'T)

N, =1

b

where p is given by cubic formula (83), and Tk is given by either (84c) or (85c).
Analysis of M and T«:
e If-1<M<1,
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) T,=1-cos (% cos_l(M))=2 sinz(i— cos_l(M)

1
Tk=0]1:1—cos(§ cos ' (M)+mk

|
T\ = 1+ cos (%cos_l(M))ZZCOSZ(% cos_l(M)).

e IfM>1,

0 T0=1—Cosh(;—cosh_l(M)):—2sinh2(%cosh_1(M))
Tkzo,lzl—cosh(z cosh_l(M)H'nk): 1 1
T1:1+cosh(2—coshl(M))=2 COShZ(Z coshl(M)).

e IfM<-1,
.. 1 -1
. T,=1+isinh 2—cosh (Im])],
Ty—o,=1+isinh (Ecosh_1(|M|)—in k)z )
T1=1—isinh(2—cosh_1(|M|)),

where i is the imaginary unit.

Analysis of M and N in Solution Formula (84b) and (85b)
1.Case-1<M=1:

a.-1=N¢=s1:

The equation has four distinct real roots, given by formula (84b):

b—4 T
w(l—cosll—cosI(Nk)]),k:O,l
4a 2

b—4 T
xk+3:—p—%(l+cos[% cos_l(Nk)D,k:O, 1,

Xps1—=— P~

The roots are explicitly expressed in closed form:
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1—cos

I\’l'—‘ N|»—\ I\)|H

1
1+cos|=cos~
2

i

-l
-

o

S el
i
y :_p_(b 4ap T0(1+CO [
o

b. Nk = 1:
The equation has four real roots, given by formula (85b):

b—4 T
xkﬂ:—p—%(l—coshl%cosh1(Nk)]),k:0,1

(b—4ap)T,

_ 1 -1 _
Xps3=—pP— ia (1+coshlz—cosh (Nk)]),k—O,l,

The roots are explicitly expressed in closed form:

):_p N (E _4p)5m (i—cos I(M))sinhz(icoshl(No))

b—4
X, =—p— (Lp)(l Cosh[l—cosh (

K
1

b 4apT

1—cosh|=cosh™" —p+ ——4p CoS (‘11 Coshl(M))sinhz(choshI(Nl))

b 4ap T,

R e e
ry == 0BT o] o, |-
o e

]- =il 2 ]- -1
= ——4p sin (4(:05 (M))cosh (Zcosh (NO))

b 4ap T,

1+cosh 1—Cosh = ——4p Ccos (1 cos_l(M))coshz(l—cosh_l(Nl)).
2 4 4

Cc. Nk< -1:
The equation has two pairs of the complex conjugate roots, given by formula (85b):
(b—4ap)T,
Xen=TPT T s
(b—4ap)T,

Xy = TPT T

(1+1smh lz cosh™ (|Nk\)]),k:0,1

(1—1 smhl2 cosh™ (\N,J)D,kzo,l,
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The roots are explicitly expressed in closed form:

b—4
X,=—p— (A(lﬂsmh[—cosh (|NO|)D=—p—(£—2p)sm —cos1 (1+151nh —cosh ([N ) D

b 4apT

X,= 1+151nh —Cosh (N 1|

——2p cos’ —Cos Y (1+151nh =cosh™ |N1| )
1
1- lSll‘lh 2 —cosh™ ]

|No|
= 4ap Lh- lSth ;—cosh |N1|

a
(b= 4apT0(
=

) — ——2p sm cos - (1 lSll‘lh cosh 1Ny )

- ——2p cos” —cos a (1 151nh —cosh (I ])

2.CaseM = 1:
a.-1 =N =1:
The equation has four distinct real roots, provided by formula (84b):

b-4 T
xkﬂ:—p—%(l—cosl;—cos_l(Nk)]),k:O,1

-4 T
xk+3:—p—%(l+cosl% cos_l(Nk)D,k:O, 1.

The roots are explicitly expressed in closed form:

b—4ap|T
xlz—p—(él%)o(l—cos[;—cos1(N0)]):—p + (g —4p)sinh2(i—coshI(M))sinz(i—cosl(No))
b—4ap)T
xzz—p—(%(l—cos[%cos1(N1)]):—p—(g—4p)cosh2(‘1Tcosh1(M))sin2(41?cosl(N1))
xsz_p_(b_t%m(lﬂos[;—cos1(N0)]):—p+ (S —4p)sinh2(l coshl(M))Cosz(%cosl(No))
x4:_p_(b_2%m(1+cos[é—cos1(N1)D:—p—(%—4p)cosh2( cosh 1(M))COSZ(%C051(N1))
b. N« = 1:
The equation has four distinct real roots via formula (85b):
(b—4ap)T,
X"”:_p_T 1—cosh| > L cosh™ YN [],k=0,1
(b—4a p) T 1 _
Xk+3:_p_Tk 1+cosh[2—cosh 1(Nk)] ,k=0,1.
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X, =—p— M(l cosh[—cosh
X,=—p b 4apT (1 Cosh cosh
X3=— b 4ap Lo (1+cosh ;—cosh
X,=— b 4ap a (1+cosh ;cosh

C. Nk < -1:

The equation has two pairs of the complex conjugate roots, given by formula (85b):

(b—4ap)T,
X = TP T

(b—4ap)T
Xk+3=_P—#

Chapter 2

The roots are explicitly expressed in closed form:

=—p-— (é—4p)smh (ZCOSh( ))SinhQ(%COSh_l(NO))
smh( cosh™ ))

)

o )

] :_p+(fi_4p)smh (—cosh )Cosh (—cosh No))
| )

—p+(b —4p)cosh ( cosh™

:—p—(g—4p)c05h2( cosh™ coshZ( cosh™ ))

(1+lSth [2 cosh™ (\N,J)D ,k=0,1

.. 1 -
ia (1—1smhl2—cosh 1(\Nk\)]),k:0,1,

The roots are explicitly expressed in closed form:

(b—4ap)T 2[1
x,=—p——————| 1+isin —cos | — —2p |sinh"[ —cos isin —cos 0
=—p e 1+isinh h™ |N| 2 bl 5 h 1+i h h™ |N|
(b—4ap)T1 .. o[ 1
X pm 1+151nh —cosh |N1| =—p— ——2p cosh Zcosh 1+151nh —cosh |N1|
(b—4ap]T, 1 1
=—p— | 1—i = == —= = - h N
p 1 1—isinh 2cosh 2p smh 4cosh 1- lSlIlh COS |
b—4ap)T,
—p—% 1— lsmh %cosh (INy) )z - ——2p Cosh2 icosh (1 lsmh —Cosh (N ])

3. Case M < -1:

The solution to the quartic equation is given by (84b)
if -1 < Nk= 1,
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(b—4ap]T,
4a

b—4 T _
xk+3:—p—%(l+cos[% cos 1(N,()D,kzo, 1

Xpp1—=— P~

(1—aml%cosluvgh,k:0,1

or by (85b) if Nk = 1,

(b—4ap]T, 1 —
Xy =P 1—cosh Ecosh (Nk) ,k=0,1
(b_4aP)Tk 1 -1
Xy =P 1+cosh[2—cosh (Nk)] ,k=0,1.
if N < -1,
xh4=—¢r—Q51%§£lZE(1+ignh[%coﬁ11“NA”),k:o,1
B (b—4ap)T, 1 1 _
e 1—isinh 2—C05h (IVJ] ], k=0,1.

4. Case M = -1 or (b®+ 8a%d - 4abc) = 0:

Chapter 2

As (b?+ 8ad - 4abc) approaches zero, then p approaches b/(4a) or (b — 4ap) tends
to zero. This leads to the quartic equation becoming the biquadratic equation. The

solution to the equation is given by (93):

xu:—i ii\/3b2—8ac+2\/b4+16a202—64a3e—8ab2c
: 4a 4da

and

xSf:—ll-i—l—¢3b?—8ac—2v%4+16a%¥—64a3e—8ab2c.
’ 4a 4da
Notice that if M is defined as
_(b*+8a*d—4abc)
(b—4ap)’

b

then the domain of M can be determined in the following cases:
] 3 2 J—
_lgﬂb+8ad 4abc)

<b3+802d—4 abc
(b—4ap)

—1<1e0<
b—4ap)

<lel0sM=<2
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. 3 25 3 29_
2(b*+84%d 43abc) _1>1e0¥8admdabe sy
(b—4ap) (b—4ap)
R 3 25 3 29
2(b*+8d’d 43abc) eo1ebiBald=dabe o g
(b—4ap) (b—4ap)

In the summary above, we have analyzed all cases that relate to the values of M, Ny
and Ty affecting the number of roots to the quartic equation. We have presented a
closed-form of the quartic formula corresponding to each case expressed in terms of
trigonometric or hyperbolic functions. Our objective for conducting this analysis is to
demonstrate how to derive solution formulas corresponding to each value of M, Ny
and T« using the general quartic formula (84b), (85b), and (93) for determining real
roots with ease while minimizing computational power. Although the quartic formula
may seem lengthy and impractical in application, its thorough analysis may serve as
an useful tool that enables a deeper understanding of the properties of quartic
equations, some of which may go unnoticed by the traditional method attributed to
Lodovico Ferrari. In addition, we see that formula (99) demonstrates that a more
elegant solution can be obtained by converting these formulas into radical forms.

Example. Use quartic formula indicated in Summary of Solution to Quartic Equation
in Radical Form to find the roots of the quartic equation x*+x3-x*>+3x+5=0.

Solution. To find solution to the given equation, we do the following steps:

1. The coefficients of the given equationarea=1,b=1,c=-1,d =3, and e = 5.

2. Determine the values of P, Q, R, D and S:
P=4ac’~16d*e—b’c—2abd=4(1)(-1F-16(1%)(5)=(1%)(=1)-2(1)(1)(3) =-81
Q=3(b*+8a*d—4abc)=3(1*)+8(1%)(3)—4(1)(1)(-1)=87
R=b*d+8abe—4acd=(1%(3)+8(1)(1)(5)—4(1)(—1)(3)=55
D=P’*-~QR=(-81)—(87)(55)=1776
S=ad*~b*e=(1)(3*)-(1?)(5)=4

3. Determine the value of V:
3QPR-2P’-3Q’S :3(87)(—81)(55)—2(—81)31—3(872)(4) _ 21189111
2(DJ*"* 2(1776%?] 175232

V= ~—1.2739...

4. Determine the value of p:
Since D>0 and V = -1.2739... < -1, we apply the formula:

135



Chapter 2

:—P— —2—\/Bcosh 1—cosh_1(|V|) 22 _8Vill cosh 1—cosh_1 m ~—0.066133...
Q Q 3 29 87 3 175232

Or using (99k) to get the radical form of p:

—g —% (V+\/V2—1)1/3+(V+VV2—1)1/3]
81 V1776 |[21189 V111 +\/517022411 7 (21894111 | s17020am1 |
87 87 |\ 175232 V829898752 175232 1829898752
:2—;—3/_\/5/3_{(21189\/E+841\/27047)1/3+(21189 111+84127047) ]
237

5. Determine the values of O, M, and N:
O=b’+8d’d—4abc=1°+8(1%)(3)-4(1)(1)(-1)=29
M=b—4ap=1—4p~1.2645...
N=16a(3bp*+d—4ap’—2cp)=16(3 p*+3—4 p’+2 p)=—64 p’+48 p*+32 p +48~ 46.1122....

Then by substituting these determined values in formulas (99d)-(99g), we obtain
the roots,

_MS/Z—\/B—\/(M3/2—\/6)2—N

X, =— — ~0.94721...—i1.2258...
4a\/M
3/2 _\/ 3/2 _2_
x,=—p—-2 +o-\lm* +/o] N 15527,
4a\/M
3/2 \/ 3/2 o
x,=—p-"1 Jos(m* o] N 004721 . +i12258... .
4a\/ﬁ
and
3/2 \/ 3/2 2
x=—p-1 +o+i[m+o) N 13417

4a\/ﬁ

Substituting the values of xi, X2, and xs into the given equation, we use a calculator
to verify that each substitution yields zero, confirming that they are indeed the roots
to the equation.
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Section IV. Solving Some Higher Degree Equations with Specific Forms

In this section, we employ the same approach as in the previous sections to solve
higher order equations with specific forms. Since there exist various identities
involving with trigonometric or hyperbolic trigonometric functions, we only
demonstrate the use of typical ones, each of which can be utilized to illustrate the
remarkable aspects of this approach, which can derive multiple formulas for solving
the equations.

A. Solution to Special Form of the Quintic Equation (Type 1)

In this section, we will derive a formula for a special quintic equation in the form as
shown below.

2 3 3 2 33 2 2 3 32 2 4
ax5+bx4+cx3+dx2+10ad 4bcd+c X+10ac d+50a°d’+2b°c"d+4b d"—40abcd"—bc —0 (a¢0) (200)

4(sac—2b’) 20(5ac—2b*"

where a, b, c and d are real humbers.

We start with the quintic angle identity for tangent [2-A-9] which is expressed as

_tansx—lotan3x+5tanx
tan (5 x)= y -
Stan x—10tan"+1

To derive a formula for equation (200), we do in the following steps:
1. By replacing x with tan(x), we get:

5 3
- —10x"+5x

tan (5tan'(x X T IXTOX
| <] 5x'—10x°+1

2. Multiplying both sides by a and setting each side to b gives a system of two
simultaneous equations:

a(x5—10 x*+5 x)

5x'—10x°+1
atan(5tan""(x))=b (201b)

=b (201a) (201)

3. From (201a), we deduce the quintic equation in x. From (201b), we solve for X,
which yields:
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ax’—5bx*—10ax’*+10bx*+5ax—b=0 (202 a)
202
x:tan(ltanl(2)+ﬂ) (202 b) [202)
5) a 5

4. By replacing x with x/c into (202a) and (202b), then multiplying through both
sides of (202a) by ¢, which gives

ax’~5bcx*—10ac’x’+10bc’ x*+5ac* x—bc’=0 (203 a|
203
X=ctan l—tan_1 b +ﬂ (203 b) 203)
5 a 5

5. Replacing b with b/(5c), we get:

axs—bx4—1Oac2x3+2bc2x2+5ac4x—ébc4=0 (204 a)
, ) y (204
x=ctan|=tan ' —— |+ 1% (204 b)
5 Sac 5
6. Replacing ¢ with \/C/(l()a) gives
2 2
axX—bx'—cx*+2C 2 b (205 a|

5a 20a 500 a>

(205)
x—\/gtan{—ta 1(\5/%) nk] (205 b)

Currently, a new coefficient d can be generated for the x? term by substituting x with
x+b/(5a) into (205a), resulting in the disappearance of coefficient b. Subsequently,
we substitute x with x-b/(5a) to restore the coefficient b once the coefficient d has
been determined.

7. Replacing x with x+b/(5a) gives

5 2b°\ 5 [4b> 2bc) .. [ & 3b* bc bc’ 4p°
ax —|c+ X — - +—— x4+ — >~ - | x+ - = =0 (2064
5a 25a- Sa 20a  125a° 25a 125a° 3125a 1206)
206
_ b c -1 \/>b nk
X=———+4——tan —t (206b)
5vac

+
S5a 10a
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8. Replacing c with (-c - 2b%/(5a)) gives

=0 (207 a)

] (207

3 2bc 2 > 2b’c bc® 4cb’
ax’+cx’+ + + — | x+ =+ S
5a 20a 25q 125a~ 625a

2
b1 2b5actan[1 1( V2b )nsk 207b)

—tan || ——— |+ —
5a 5a 2 V=2b*-5ac

9. By setting 2bc/(5a)=d, it follows that b=5ad/(2c). Substituting d in (207) yields:

=0 (208 a)

& d d’ ,.cd
20a 2c

ax’+cx’+dx*+ +— | x+
10¢* 50a

(208)
X=—— d \/ 10ac’—25a°d’ tan ltan ! bad +H (208 b)
2c IOGC 5 \/—10(1C3—25(12d2
10. By applying tan(ix) = itanh(x) to (208b), which gives
2 2 3
ax+ex+d | - 44|94 L cd g (210a]
20a 2c 10c> 50a
d S5ad k (210)
X=——+ —\/IOac +25a’d’ tanh —tanh d +— (210b)
2c 10a > \/100c3‘+25a2d2
11. Now, to restore b as mentioned earlier by replacing x + b/(5a), which gives:
2b° 2b° 3bc b* ,3b’c  2bd b’
ax5+bx4+(c+ )x3+ d+—=— +=——|x’+ X+ y
5a 25a 5a 1254 25a 50 3125a
3 2 3
g0 bd ed 4 _ (2114a) (211)

+ p—
1254° 25a2 50a 10¢°

X:—SL —Zi 0 \/10ac +25a’d’ tanh gtanh bad (211b)
a ¢ ac \/1Oac3+25a2d2

12. Replacing ¢ with c -2b?/(5a) yields
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5 4 4 3 3bc  4b’ | . (3b°c 2bd b* b’c
ax’+bx +cx’+| d+ — — X+ —+ - - |x+ .
5a 25q 25a~ 5a 125a 125a

cd 9>  4b’d 5a°d’
+ + +

- = 212
50a 3125a" 125a° 2(5qc—2b%) ( ")(212)
__b _ 5ad +\/2(5ac—2b2)3+625a4d2 canhl Leanh ! 254%d (212b)
5a 2(5ac—2b2) 100(500—2b2) \/Z(Sac—2b2)3+625a4d2

13. Ultimately, after substituting d with d-3bc/(5a)+4b°/(25a%) and performing some
deductions on (213a) and (213b), we derive the solution to equation (200) in either
in the form,

» 10ad’—4abcd+c®  10ac’d+50a’d*+2b°c’d+4b’d*—40abcd*—bc*

ax’+bx*+cx’+dx*+ 3 X+ > =0 (213a)
4(5ac—2b’) 20(5ac—2b?) s
213
__bc—5ad \/2(500—2b2)3+(2502d+4b3—150b0)2 1o 25a°d+4b’~15abc
= <+ > tanh 5—tanh - - (213b)
2(500—2b ) 10a(5ac—2b ) \/Z(Sac—sz) +(2502d+4b3—150bc)

or in the form, with the expressions inside radical expanded and simplified as
demonstrated below:

» 10ad’—4abcd+c® 10ac’d+50a°d*+2b°c*d+4b>d*—40abcd’—bc*

ax’+bx*+cx’+d X+ X+ > =0 (214q)
4(sac—2b’) 20(5ac—2b?) (214]
bc—5ad  V8b*d+10ac’®+25a°d*—3b°c*—30abcd 1 - 25a°d+4b>—15abc
= —+ ; tanh | =tanh - - — (214b)
2(sac—2b 2(5ac—2b? 5aV8b*d+10ac*+25a°d*—3b’c*~30abcd

Currently, it is not possible to generate a different coefficient e for the x term or f for
the constant term using any methods that are presented in the prior sections. For
example, if we apply the same approach as in previous sections which involves
substituting a with a/d, b with b/d, and c with c¢/d in equation (214a) to obtain a new
coefficient e, we will ultimately arrive at the same result as the original equation
(214a). Similarly, if we attempt to replace x with x + e in (214a) to generate a new
coefficient e, we will still end up with the same outcome as the original equation
(214a) after substituting the new values of b, ¢, and d, respectively.

The following is a summary of solution to the special quintic equation (type 1), along
with some interesting properties of this type.

Summary of Solution to Special Quintic Equation (Type 1)
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Equation: s 4 3 . 10ad’—4bcd+c® 10ac’d+50a’d’+2b’c’d+4b*d°—~40abcd’—bc*
ax’+bx'+cx +dx + X+ . =0 (a#0)
4(5ac—2b*) 20(5ac—2b?
Define
D=25a(8b’d+10ac*+25a*d*~3b*c*~30abcd| (215)
2 3
T= 25a"d+4b —15abc (216)
VD
1. Case D > 0 and (5ac-2b?) # O:
The equation has five distinct real roots:
Xpo = bc—5ad2 + \/B - tan ltan_l(T)+2nk k=0,1,2,3,4 217)
2(5ac—2b%) 10al5ac—2b* \5

By applying (469g), the formula (217) can be expressed in the radical form,

be—5ad . \/B (1+1.T)1/562ink/5_(1_1.T)I/S

: ,k=0,1,2,3,4. (218
2(5ac—2b% i10al5ac—2b% (1+iT)" ™ *+(1-iT)"® (218)

Xk+1:

2. Case D < 0 and (5ac-2b?) # O:
In this case D is rewritten as
_ 25a°d+4b’—15abc

VIp]

T

a. If -1<T<1, the equation has one real root and two pairs complex conjugate roots,
provided by formula (214b):

bc—5ad N \/H 1

tanh [ L tanh ™t (T)+ 22K
2(5ac—26?) 10a(sac—269 5 7)

k=0,1,2,3,4. (219]

Xk+1:

By applying (46c¢), the formula can be expressed in the radical form,

be—5ad . \/H (1+T)1/5ezink/5_(1_T)1/5
2(5ac—2b% 10a(5ac—2b) (1+T)° ™ *+(1-T)"">

k=0,1,2,3,4. (220)

Xk+1:

b.IfT<-1orT> 1, the equation has one root and two pairs of complex conjugate
roots via formula (218):
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bc—5ad N \/H

k=0,1,2,3,4. 221
2(sac—2b) 10al5ac—2b°) (221)

Xk+1:

coth lcoth_l(T)+ﬂ
5 5

By applying (46d), the formula can be expressed in the radical form,

_ bc—5ad . \/H (T+1)1/562ink/5+(T_1)1/5

= , , k=0,1,2. 222
2(5(1C-2b2) 100(50C-2b2) (T+1)1/sezmk/5_(T_1)1/5 (222)

k+1

3.Case D = 0:
a. 5ac-2b* =
By (218), the equation has a repeated root:

_5ac—6b

X=X, =X3=X, =X = 20ab (223)

b. 5ac-2b*# 0:
The equation has five simple roots, four of which are repeated:

bc—5ad
2(5ac—2b2)
and (224)
3 2
:2b +10a d—Zabc (224b)
a(5ac—2b )

(224 a)

X1,3,4,5—

X

Notice that formulas (223) and (224) hold true not only for equation (200) but also
for any generic quintic equation. This is due to the fact that these formulas solely
take into account the coefficients a, b, ¢, and d of the quintic equation, rendering
them universally applicable to all quintic equations.

B. Solution to Special Form of the Quintic Equation (Type 2)

In this section, we will explore two quintic formulas, each is used to solve a special
quintic equation with distinct coefficient structures in the forms illustrated below.
2
ax5+5b—x4+bx2+c=0 (a#0,c#0) (225a)
¢ ) (225)

ax5+bx4+cx2+5—cb=0. (a#0,b#0) (225b)
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To derive the quintic formulas for (225a) and (225b), we use formula (46*b) with n =
1/5 and k = 0. Then by replacing x with sinh™*(x), we get:

sinh (5sinh ™' (x))=16 x*+20 x*+5 x (255¢)

By replacing x with x/2 and multiplying both sides by 2, which gives

ZSinh(Ssinh1(;—)):x5+5x3+5x (2254)

We now proceed to construct the coefficients of the equation on the right-hand side of
(225d) to match the coefficients of equation (225a) as shown in the following steps:

1. Let m be a real number. Subtracting m from both sides of (225d) and setting both
sides to zero yields a system of two simultaneous equations:

X’+5x°+5x—m=0 (226a)

m) i2mk
+

226
Xk+1:2sinh(%sinh1(3 (226)

),k:O,1,2,3,4. (226 b)

2. To construct the coefficient c for the x* term, we replace x with x/c"? for ¢ = 0 into
both (226a) and (226b), then multiply through both sides of (226a) by c*?, and
extend the multiplication across each term of its left side, which gives

X’+5¢cx’+5c°x—c>"*m=0 (227 a)
i 227
Xk+1:2cl/zsinh(%sinh_l(%)+lzgk). (227 b) (227)

3. Replacing m with -m/c*? and c # 0 gives

X+5¢cx°+5¢°x+m=0 (228 a]
] 228
xk+1:—2cl/zsinh lsinhf1 m i2nk , k=0,1,2,3,4. (228 b) (228)
5 2C5/2 5
4. Substituting c by ¢/5 gives
x5+cx3+%c2x+m:0 (229a)
_ (229
xk+1=—2\/£sinh L gnnt[2205m ) 12nk) g1 0.3.4. (229)
5 5 2C5/2 5
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Notice that the equation (229a) is called de Moivre's Quintic [11], and its roots are
given by (229b).

5. Next, we construct the coefficient a for x° term by replacing m with m/a fora # 0
and multiplying through both sides of (229a) by a, which gives

ax5+acx3+%ac2x+m:0 (a#0) (230a|
fom) 230
xk+1:—2\/£sinh(lsinhl(25 E/”;)#Z”k) ,k=0,1,2,3,4. (230b)
5 5 2ac 5
6. Replacing c with c/a gives
2
ax5+cx3+%x+m:0 (a#0) (2314
(231]

Xpy=—2 \/S_Ca sinh (é sinh ™"

25 5ma3/2)+i2nk

S = ) ,k=0,1,2,3,4. (231 b)

At this point, we can obtain a similar result to that of quintic equation (type 1) when
trying to derive the coefficients b for the x* term and d for the x term. However, the
coefficients are slightly different due to the use of distinct hyperbolic functions. To
explore another form of the equation that has x* and x* term, we substitute x with
1/x, which yields the following expression.

2
a+cx2+5c—ax4+mx5=0 (a#0) (232a]

V5a

,k=0,1,2,3,4. (232b) (232]
25 5ma3/2)+i2nk)

Xps1——

2C5/2 5

24 csinh (é sinh ™! (

7. If we rename all coefficients and terms such that m is renamed as a, c is renamed
as b, and a is renamed as c, we get:

2
ax5+%x4+bx2+c=0 (a#0,c#0) (233a)
X =— Is5c ,k=0,1,2,3,4. (233p) (233]
3/2 .
2 bsinh(lsinhl(25 5;1/2 )+12nk)
5 2b 5
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Consistent with our method, we have completed derivation of the solution formula
(233b) for equation (225a). This equation, (225a) or (233a), can be considered as an
alternative depiction of de Moivre’s Quintic [11]. It stands as a notable incomplete
variant of the general quintic equation.

Summary of Solution to Special Quintic Equation (Type 2)

2

Quintic equation in the form: ax5+% xX'+bxX’+c=0 (a#0,c#0)

25v5ac®’?

Let T= 573 (235)
i. Ifc > 0 and b > 0, the equation has one real root and four complex roots:
Xpa1=— s : : (236)
2y bsinh lsinhfl(T)+12nk
5 5
ii. fc<0andb > 0, then
_25v54alf”?
:r_T (237)
e If |T| £ 1, the equation has five real roots:
X = sld = (236)
2Vbsin (l sin_l(T)+2n )
5 5
e IfT = 1, the equation has one real root and four complex roots:
Xpor= lsld (237)
1 —1 i2mk
2\bcosh|=cosh™'(T)+
5 5
e IfT < -1, the equation has one real root and four complex roots:
Xpoy = —— lsld - (238)
2\/bcosh(%cosh_1(|T|)+12éT )

145



Chapter 2

iii. fc < 0andb < 0, then

3/2

725 5alc|

(239)
2 |b|5/2

The equation has one real root and four complex roots:
\/5|C|

Xk+1: . (240)

ZMsinh %sinh_l(T)+i2gk

iv. Ifc>20and b < 0, then

_25v5ac*?

241
2|b|5/2 ( )
» If |T| £ 1, the equation has one real root and four complex roots:
Xy, =— —— Ise —_ (242)
2\/|b|sin(%sin_1(T)+ g )
e If|T| = 1, the equation has one real root and four complex roots:
= —— Vsc ——T>1 (243)
2\/|b|cosh(lcosh1(T)+12n )
5 5
_ \/SC
Xia1 = ol =k (244)
ZMcosh(é cosh T+ g )

We continue to proceed the transformation process to derive a solution formula for
(225b) by the following steps:

8. Replacing b with V(5bc) into (233) gives:
ax’+bx*+V5bcx’+c=0 (a#0) (245 a)

4

5c¢

SGf/Sc)_'_ian)

4 . 1 .,
2 Vb sinh | =sinh
Sin (SSHI ( 2b5/4 5

,k=0,1,2,3,4. (245b ] (245)

Xke1 =
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9. Replacing c with c?/(5b) gives the form of (225b), namely

2
ax5+bx4+cx2+é:0 (a#0,b#0) (246 a)

Ve
2+/b sinh (é sinhl(ia&)_'_ian)

k=0,1,2,3,4. (246 b) (246)

X1 ——

b3/2 5

Due to the similarity between formulas (246) and (233), we're skipping the summary
of (246) here and leaving it for readers. Any updates, including more comprehensive
details from different chapters, will be incorporated into the republished edition or
shared on an authorized website, subject to approval.

Remarks

1. The proof of (214) demonstrates the outcome in the form of a hyperbolic tangent,
yielding results that are applicable to other tangent functions and hyperbolic
cotangent functions due to the presence of the imaginary unit. Interestingly, this
pattern holds true for all polynomials when their highest power is an odd degree.

2. By utilizing the equality (255c) for hyperbolic sine, we obtain the derivation of
(246), which is relevant to hyperbolic cosine and its inverse in Summary section. This
implies that if we employ the quadruple angle equality for hyperbolic cosine as the
initial premise, the outcome would be slightly different in terms of domain, but
fundamentally similar.

3. In terms of the solving method, each step outlined in the solution process yields
roots to a specific equation. For instance, completing five steps results in solutions for
five slightly different forms of equations. This flexibility is a remarkable feature of this
method, achieved through a straightforward single substitution approach at each
step.

4. Through this method, equations (225a), (225b) and (245a) are considered to
belong to a specific quintic family, characterized by varying coefficient structures.

C. Solution to Special Form of the Sextic Equation

In this section, we expand upon the solution obtained for the cubic equation
mentioned in (42) and utilize the result to deduce the solution for a unique sextic
equation presented in the form,
2 3
ax6+bx5+cx4+dx3+ex2+l%x+£=0 (@a#0,c#0). (247)

3
C c

We derive the solution to equation (247) in the following steps:

147



1. Define

3a 3

Chapter 2

3 2 .
B, = ba+i‘/b2BGC'COSh(%coshl(gabC_N) —27a d)+12nk),k20’1’2. (248)

)3/2

Z(bz—Bac

2. By replacing x by x + e/x into (42a) and (42b), then multiplying through both

sides of (42a) by x* and solving for x from (42b), which gives

ax’+bx°+(3ae+c)x'+(2be+d)x*+(3ae’+c g’e) X’ +be’ x+ae’=0 (249a)
249
x+§—[3k+1:«x1 = ﬁ§+1+§\/ﬁk+1 4e fork=0,1,2. (249b) (249)

Formula (249b) can be understood in this way: For each value of k, we have has two

roots. Hence, there are six roots in total.

3. Substituting c by (c - 3ah) gives:

ax’+bx’+cx*+(d+2be)x’+cex’+be’x+ae’=0 (a#0)

By /
Xi.6— - 1+_ Bk+1 de

2 2
where

3 2 2
By =— ba+—\/9a e+b’—3ac- cosh(3co sh™ (9abc—2b —27d’be—27d d))

3 2(9a%e+b’=3ac)””

for k=0,1,2.

4. Replacing d with (d - 2be) gives

6 5 4 3 2 2 3
ax’+bx’+cx'+dx’+cex’+be’x+ae’=0 (a#0)

Bk+1 1 2
X1...6:—i§\/3 —4e

2
where
2 3 2
Bk+1:—i+i\/9aze+b2—30C~cosh L cosht[ 279 be*9abe=2b 3%3“ d
3a 3a 3 2(9d*e+b’—3ac|
for k=0,1,2.

(250a)
(250b)

(250)
(250c¢)

(251a)

(251b)

)) (251¢)

(251)

5. By replacing e with e/c, which gives the solution to sextic equation (247)
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2 3
» be ae

ax’+bx’+cx +dx’+ex* +——x+—=0 (a#0,c#0) (252a)
c c
B + 1 4e
Xl,uszfii BZk+1_7 (252b)
where (252)
2 g2 2 5/2 2  513.3/2 e 2 372
Bkﬂ:_i_i_i\/Qa e+b°c—3ac -cosh lcosh—l 9abc™ “+27a’bVce—2b’c 3/227a c’d (252c)
3a 3a c 2(9a%e+b*c—3ac’
for k=0,1,2.

In accordance with sextic formula (252b) to sextic equation (252a), we can obtain six
roots in total. For each value of k, we have two roots. Specifically, when k = 0, the
roots are x1 and x2; when k = 1, the roots are x3 and x4; and when k = 2, the roots
are xs and xe. Notice that the choice of defining B in (248), which can use either
hyperbolic cosine (42b) or trigonometric cosine (40b), does not affect the final
results.

Summary of Solution to Special Sextic Equation

Equation: ¥
g ax6+bx5+cx4+dx3+ex2+l%x+%:0 (a#0,c#0)
c c
Define
D=9ad’e+b’c—3ac’ (253)

_9abc®?=2b’c**+27a*bVce—27a’ > *d
- 2D3/2

T (254)

+> Case D > 0:
If T > 1, the equation has two real roots and four complex conjugate roots,

B + 1 46
Xy, szii Bi+1_T' (255)

where

b 2 |D 1 - i2nk
Bk+1:—§+§\/?-c05h(gcosh YT)+ 3 , k=0,1,2. (256)
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If T < -1, the equation has two real roots and four complex conjugate roots,

Xy 6™ B;l \/Bkﬂ _- (257)
where
b 2 |D 1 mi(2k+1)
— = h|=cosh *(|T|]+ —=—"—2|, k=0,1,2. 258

If -1<T<1, the equation has six distinct real roots

when
Xl,..4,6: B§+1il\/ﬁi+1_£' Bk+1——>0 (259)

or the equation has three pair complex conjugate roots,

Bier | i 4e| When ., 4e
X1 6= E o B Biei——<0, (260)
where

b 2 |D 1 2mk
Bin=—34%34\ ¢ cos(gcos Y1)+ 3 ),k:O,l,Z. (261)

+> Case D < 0:
In this case, T becomes

9abc’*=2bc* *+27 d* b\/ce 27 a’c*’*d

262
2|D|3/2 ( )

T=

If B~ >0 the equation has two real roots and four complex conjugate roots,

B + 1 4e
X 6= Slii Bi+1_7' (263)

If ﬁk+1 - 2€<0, the equation has three pair complex conjugate roots,
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Bier i 4
X, ¢= Slié ﬁiu_Te (264)
where
g =—b 2 Il (1) Mk} gy (265)
3a 3all c 3 3

If -1 < T < 1, the equation has two real roots and four complex conjugate roots,

:Bk+lil\/ﬁi+1_£ when Bi+l_£20’ (266)
2 72 c &

X1,..6

or the equation has six complex conjugate roots,

Bie1 1 40 When » 4e
Xi,.6— Sliz Bi+1_T B T<0- (267)

+> Case D = 0:

The equation has six roots, and the presence of complex roots depends on the signs
of the coefficient ¢, the square root in (268), and the value of k = 1, 2 in (269) as
shown below:

Br+1 1\/ 2 4e
_ P 1 _4de 268
Xl,...,G 2 2 Bk+l C > ( )
where
3 — .
pk+1:—i+L\/9abc5/2—2b3c3/2+27a2bJce—27a2c3/2de’2""/3,k:0,1,2. (269)
3a 30\/;
Note:

1. To proof for formula (269), we use the result of (45) in which we define:

A= and B=%(9ab05/2—2b3c3/2+27a2b ce—27a2c3/2d)_

3a\/g

2. It is not hard to see that formulas (252) not only provide roots to the sextic
equation (247) but also act as a means to derive solutions for equations presented in

the following forms:
3
ax’+ox*+d X +ex’+25-=0, obtained by setting b = 0 from (252),
C
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and

3/2
d

ax®+bx’+cx’+d x+Z3T:O, derived by substituting x with 1/x in (252).

D. Solution to Special Form of the Septic Equation
In this section, we will derive the solution to special septic equation in the forms,

y+7cy’+14c*y*+7¢ y+m=0

and
7 6 4 C2 2 C3
ax +bx’+cx'+—x"+
4b 56 b

=0 (a#0,b#0).

Similar to the process applied in the quintic equation (type 2), we can begin by using
formula (46*b) with n = 1/7, k = 0. By substituting x with sinh™*(x), we obtain the
following equation:

sinh(7 sinh™" (x)) =64 x"+112 x> +56 X°+7 x

1. By replacing x with x/2, which gives

2sinh(7 sinhl(g)):x7+7 X°+14 X’ +7 x (271)

2. Let m be a real number. Subtracting m from both sides of (271) and setting both
sides to zero yields a system of two simultaneous equations:

X +7x°+14 x> +7 x—m=0 (272 a)

i2mk (272)

Xy 41 =2sinh (% sinh™ (%) +

),kzO,l,...,G. (272 b)

3. Replacing x with x/c*? for ¢ = 0 into both (272a) and (272b), then multiplying
through both sides of (272a) by ¢”/?, which gives

2

X' +7cx’+14c° X +7 x ="/ (273 a)

c 273
Xk+1:2\/CSinh(%Sith(m)+ 273

m=0
i2nk
7

5 ),k:O,l,...,G. (273b)
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4. Replacing m with -m/c’’? gives

X +7cx’+14c°x°+7 x+m=0 (274 a)
i 274
Xs =—2esinh | Ssinh [ )+ L27K) 0 1. (274 b) (274)
7 2c¢ 7
5. Substituting ¢ by ¢/7 gives
Ko+ 2 A xem=0 (275 a|
7 49 ( )
_ 275
xkﬂ:—z—\/—;sinh Lginn! 343’7"/!7 +12K) 01,6, (275b)
V7 / 2c /

6. Next, we construct the coefficient a for x” term by replacing m with m/a fora # 0
and multiplying through both sides of (275a) by a, which gives

ax7+acx5+%aczx3+4—19ac3x+m=0 (a#0) (276 a|
. 276
xk”:_&sinh lsjnh_l 343’7171/2; +12nk ,k=0,1,...,6. (276b)
\/; 7 2ac 7
7. Replacing ¢ with c/a gives
2 3
ax’+cx0+25 ~x+m=0 (a#0) (277 a)
7a 49a
(277)

=sinh~ S 7

Xy =——7—-sinh
V7a 7

2@ (1 1(343m 7a5/2)+i2nk

),k:0,1,...,6. (277 b)

8. If we substitute x with x+b/(7a), a*¥0, we can determine the coefficients b for the
x® term and d for the x* term. However, this approach may result in cumbersome
formulas, similar to the result we presented for the quintic equation (type 1). To
maintain the current simple style of this self-story, we choose a simpler presentation
to depict the remarkable feature of the septic equation by replacing x with 1/x, which
gives
2 3
arcx*+25 '+ -C
7a 49 a°

X*+mx’=0  (a#0,m#0) (278 a)

7a

5/2 .
2 csinh(;sinhl(343m 7a )+12nk)

k=0,1,...,6. (278 b) (278

Xps1——

2C7/2 7
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9. If we rename all coefficients and terms such that m is renamed as a (a#0), c is
renamed as b, and a is renamed as ¢, we get:

;b 2 b’
ax'+——x"+=—x"+bx’+c=0 (a#0,c#0) (279 a)
49 ¢* 7¢
X = V7c k=0,1,....6. (279b) (279)
(34307772 i2nk
b sinh smh +
7 2b7/2 7
10. Assuming b = 0, by replacing b with %/49bc2, which gives
ax +b X427 b e X 4+149b ¢ P+ =0 (a#0) (280 a)
X = V7c ,k=0,1,...,6. (280 b) (280)

7a c) i2mk

2b\b

b sinh ( sinh™ (

11. Replacing c with c*/(56b?) and b # 0 gives the solution to the desired equation,

2 3
ax7+bx6+cx4+ﬁx2+5;b2:0 (a#0,b#0) (281 4]
X1 == e k=0,1,...,6. (281 281

2 bsinh ( sinh (

70( ) i2mk
2bV2b

Summary of Solution to Special Septic Equation
H . 2 3
Equation: ax +bx+c x'+ S xS >
4b 56 b

=0 (a#0,b=0).

Define 7ave
(2 b)3/2

(282)

. If c 2 0 and b > 0, the equation has one real root and six complex roots, given by
(281b), which can be simplified to the form,
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242 bsinh %sinh_1 (T)+

R == .
et i2mk
7

ii. fc<0andb > 0, then

7a\/H

T =
(zb)3/2

> If |T| < 1, the equation has six real roots:
VI

2 2bsin(%sin1(T)+

,k=0,1,...,6.

Xk+1:

2nk
7

> If T > 1, the equation has one real root and six complex roots:
VI

2V2b cosh (%coshl(T)+

,k=0,1,...,6.

Xk+1:

i2nk
7

> If T < -1, the equation has one real root and six complex roots:

Ve

21/2b cosh (% cosh™ " (|T])+

,k=0,1,...,6.

Xk+1:_

i2nk
7

iii. Ifc<0and b < 0, then

T= 7a\/m

(2b])*"2

The equation has one real root and six complex roots:

d

Koy = ,k=0,1,...,6.

242 |b|sinh %sinhl(T)+127nk
iv. Ifc 2 0and b < 0, then
_ 7a\/;
(2[blP"*
> If |T| £ 1, the equation has one real root and six complex roots:
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(283)

(284)

(285)

(286)

(287)

(288)

(289)

(290)
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Ve

X, =— p ,k=0,1,...,6. (291)
2\/2|b|sin(%sin_l(T)+277I )
> If |T| = 1, the equation has one real root and six complex roots:
(x,m:— e o ,T>1 ,k=0,1,...,6. (292)
2\/2|b|cosh(%coshl(T)+12;T )
X = e .k ,T<-1 ,k=0,1,...,6. (293)
2 2|b|cosh(lcosh1(|T|)+127n)
7 7
Remarks

Readers might find equation (281a) intriguing when expressed in another form
involving x°. In this case, we present the solution without delving into the specifics of
the substitution for x with x - b/(7a), a#0. The solving process is then repeated
accordingly.

Derived equation:

4vbe _25b°| s, [bc  23b™° | V3¢? 24| 800 56 |

\/21a 63a 2la 3(21(1)3/2 4\/7ab (210)3/2 4414> l4a
b 2 543bc L3¢ 19b’c _

28V21a*? 1323V214°2 196V74%7% 392ab 61744

7 5 4
ax'—bx’+cx —(

. (281c¢)

Solution:

_\/ b \/3\/21ac—10b3/2
Xk+1_

21a ¢ s
_ 3/2 .
2\/42a%sinh %sinhl( 3vV2lac—10b"" | i2nk

,k=0,1,...,6. (281d)

2y2p 7

Certainly, we can find the coefficient for the x°® term in equation (281c) by
substituting x with x + b/(7a). However, the coefficients for the x3, x?, x and constant
terms becomes progressively more complex [see Appendix 2-A-14]. Formula (281d)
can be expressed in the sinht function in order to provide a complete solution.
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E. First Method: Solution to Special Form the Eighth Degree Equation

In this section, we expand upon the solution obtained for the quartic equation
mentioned either in (84b) or (85b) and utilize it to deduce the solution for the octic
equation presented in the form,

cf’ 2 bf af’
a’+bu'+cub+du’+eut+ful+ - u’+ Ut =0 (a#0,d#0) (294)

Assuming f be a real number. By substituting x with u + f/u in (84a) and (84b),
where u represents the roots of the octic equation, which gives

au®+bu’+(c+daf)ul+(d+3bf)u*+(e+6af>+2cf)u'+(3bfi+d)u
+(4af3+cf2)u2+bf2u+af4=0 (a#0) (295a) (295)

u+i:xj+12u:;—(xj+1iwlx§+l—4f)’ (29519)

u

where x;:1 and the remaining dependent expressions in equation (84) remain
unchanged.

We proceed the same procedure as before to construct the coefficients ¢, d, e, and f.
However, due to the straightforward derivation of the formula, we won’t delve into its
detailed manipulation. Instead, we will provide a concise outline of how to derive the
formula. By substituting ¢ with c-4af, d with d-3bf, and e with e +2af?-2cf into
equations (295) and (84), we arrive at the following derived equation in the special
form:
2 3 4
Rl Sl (a#0,d#0]

d’ d’ d’

8 7 6 5 4 3
au +bu +cu+du'+eu +fu +

And the solution can be expressed as

ul ..... 8:%(XI(+1i Xi+1_47f)sk:0)112:3) (296)
where
b—4ap|T A q? 2 — 3_3pf—
xm:—p——( P “| 1—cos lcos’1 1 32a (d +3bdp+8af p 4;1d2p 3bf chp) ,k=0,1. (297)
4a d(b—4ap) T,
b_4 T 2( 42 2 _ 3_ _
Xm:_p_( ap|Ty| . |1 [ 32dld"+3bdp"+8afp 4adp'~3bf 2cdp) e -
4a 2 dlb—4ap)’T;
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3 2 42 2
T,=1-cos lcosf1 2(b d+8a d —8a b’; 4abcd)_1 +nk|, k=0,1. (299)
d(b—4ap)
D, 2\/D§—3dD3D4 1 4/9dND,D,—2D,—27d°N°’D-
p= + % COS | = COS — (300)
3dN 3dN 3 2(D§—3dD4N)

D,=2abd’+16a°d’e+cb’d’—32a’f°—10ab’df—4ac’ d’
D,=32a’f’+10ab’df+4ac’d—-2abd’—16a*d’e —cb*d’
D,=b’d+8a°d’~8a’bf—4abcd
D,=b’d’+16d’d’ f+8abd’e—3b’df—4acd’—32a°bf’~4abcdf
D,=ad*'+7ab’f’+2b’°cdf—6abd’f—b’d’e
N=b’d+8d’d’—8a’bf—4abcd
Recall that it is important to note that the solution of equation (294) is derived in the
composition form of cosine and its inverse. There is an analogous form involving

hyperbolic cosine and its inverse, and there is no necessity to derive it separately.

Both forms-utilizing cosine and hyperbolic cosine, respectively-offer a comprehensive
solution to the equation.

Formula (296) generates a pair of conjugate roots for each value of k, resulting in a
total of four pairs. Consequently, the formula provides eight roots, which can be
explicitly expressed in terms of Xk+1, Tk and p:

“1,2:% X, x xi—%f (301)
u3’4:% xzi\/xi—%f (302)
u5,6:% x3i\/x§—47f (303)
u7,8=% X,=x xi—%f (304)
where
b—4ap|T 2( 42 2 _ B
Xlz_p_( PITs(, |1 1, 32a(d*+3bdp’+8afp 4adp’-3bf 2cdp) 255
4a 2 db—4ap)’T;
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b_4 T 2( 42 2 _ 3_ .
X2=—p—( ap|T, 1 —cos lcos_l 1_32(1(d +3bdp°+8afp 4c31d2p 3bf 2cdp) (296b)
4a 2 d(b—4ap) T
b_4 T 2 2 2 _ 3_ _ l
X3=—p—( ap|T, 1+cos lcosfl 1_32a (d +3bdp +8afp 4§1de 3bf 2cdp) (296¢)
4a 2 db—4ap)’T;
b_4 T 2( 42 2 _ 3_ _ l
X4:_P_% 1+cos lcosf1 1—320 (d +3bdp +8af p 43ad2p il 2Cdp> (296d)
4a 2 d(b—4ap) T
3 292 g 2y ¢
Tozlcos{;cosl(z(b d+80dd(b 840 b)é 4abcd)1)] (299a)
—4ap
3] 2 32 2
I = 1+cos| Leos™ 2(b’d+8d’d’~8a’bf—4abed] (299 )
2 dlb—4ap)

F. Second Method: Solution to Special Form of the Eighth Degree Equation

We present an alternative approach to solving the quartic equation in the given form,
2 3 4
x8+ax7+bx6+cx5+dx4+ex3+l%x2+&x+6—20, (c#0). (300)

3 4
C c c

Our second method involves initially solving the quartic equation in its factored form.
Once we have obtained the solution, we proceed to apply the same procedure to the
First Method.

Assuming that a, b, ¢, m, n, p and q be real humbers such that the following quartic
equation can be factorised to give

4 3 2 2 2
X' +ax +bx +cx+d:(x +mx+n)(x +px+r)

=x4+(m+p)x3+(n+r+mp)x2+(mr+np)x+nr=0 (301)

Each side of (301) contains a quartic equation, and our objective is to determine the
values of m, n, p and r in terms of a, b, ¢ and d. To simplify the solution process, we
convert both sides of equation (301) to the depressed equation by setting the
coefficients of the x* term to 0. This is achieved by equating m+p = a = 0, which
implies that m = -p and gives:

x4+(n+r—p2)x2+(n—r)px+np=0 (302)

The solution to the quadratic equation, x> + mx + n = 0, is
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2
Xk+1:—%(1—cos[%cos1(mm—28n)+kn]) ,k=0,1.

2_
:g(l—COS[;Cosl(p 28n)+kn]) ,k:O:l' (303)

p

And the solution to another quadratic equation, x> + px + r = 0, is

2
xeo=—2[1-cos| Lcos [ 2=BT |k n ,k=0,1. (304)
k+3 2 ) pZ

We determine n, p and r as follows:

1. By equating the coefficients between the equation on the left-hand side of (301)
and equation (302), we obtain:

m+p=a=0 =>m=-p (305)
n+r+mp=>b =n+r=b+p’ (306)
mr+np=c :«n—rZ% (307)
nr=d (309)

From (306) and (307), solving for n and r gives
n:;—(b+p2+%)
and

1 2 C
=—|b -
' 2( P p)

2. By substituting the values of n and r into (309), we have
1 ».c |\ 1 > C | _
2(b+p+p)2(b+p p)—d

After multiplying through and simplifying, we obtain the sextic equation in p which is
similar to Ramanujan’s method [7] to solve for the quartic equation.
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p*+2bp*+(b’—4d) p*—c?=0. (310)

3. Applying the cubic formula to (310) gives the cubic roots, which are given by

O 2 3
pzz—ﬁ+g\/b2+12dcos lc057127c +2b _732/?(1 ) (311)
3 3 3 2(b*+124d)

4. By substituting a = 0 in equation (300), n into formula (303) and r into formula
(304), we obtain the roots to the depressed quartic equation as follows:

x'+bx*+cx+d=0 (312)
Xk+1:£ 1—cos lcos_l(—4—§—%—3)+k—n
2 2 p’ p 2
=P [1+cos| Leos ! [2E+A243]+ KT} k=0, 1, (313)
2 2 P p 2
and
Xos=—L2[1-cos L cos™ 4—5—4—12)—3 K k=01, (314)
2 2 » p 2

where p is given by (311).

The depressed equation (312) can be transformed into standard form by replacing x

with x + b/(4a) and then following the same steps as illustrated previously to
determine other coefficients, which results in.

x*+ax’+bx’+cx+d=0 (315)
[ 3 2
xk+1:—£+2 1—cos| * cos™! 4ab 83C a_8b 320 -3 sk ,k=0,1. (316)
4 2 2 2p 2p
[ 3 2
xk+3:—g—£ 1+cos lcosf1 4ab 83C a +8b 320 +3 +k_n ,k=0,1. (317)
4 2 2 2p 2p 2

where p is given by
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2 3 2, 24\ .
:a——&+g\/b2+12d—3ac-cos %cos_lzb +27(C ta d> dabc 72bd+2nk (318)

3/2 3

4 3 3 2(b2+12d—3ac)

Since the leading term in equation (315) has a coefficient of 1, the octic formula will
exhibit slight variations compared to the solution from the first method. After
substituting x with (x/e + 1/x) into equation (315), and following the same steps as
indicated in the first method to determine the coefficients of the octic equation, we
derive the following results:

2 3
s be’ , ae® e

x*+ax’+bx*+ex*+dx +ex’+——x+—x+==0 (c#0) (319)
c c c
_Bk+le+ 1 2 2 4 320
Xy, 4= e To V Prae—4ce (320)
3 2 2 2 4 2 2 3.3 3.3
ﬁm:_ﬂ*‘ﬂ 1—cos lcos—l 4abc +8ac’e—8bc ep+32ce"p—8c +3a’c’ep—a’c’—6e’p +kr || k=01, (321)
4e 2 2 263[)3
c—8bc’

2 3a’c’+32e
p =

12e

cos lCos
3

> +;CZ\/9a2ce+b2c2+12c2d+4062—3ac3—32bce>!<
e

_1189a°ce’+27a’c d+120b°ce+2b°c*+288c’de+27c°+448e°—9abc*—126ac’e—624bce’~72bc d—27a’bc’e
2(9(12ce+bzcz+12c2d+4Oe2—3ac3—32bce)3/2

(322)

Formula (320) provides the roots to octic equation (319). It is dependent on the
values of f1 and B2 from (321), as well as the real root of the cubic equation defined
by (322), denoted by p. Once p is determined, there are always two real values of p:
+p and -p, due to the square root. This is a factor that contributes to formula (320)
having eight roots. Therefore, the roots to equation (319) can be explicitly expressed
using formula (320), as shown below:

Define the values for D, T, T2:

D=9d’ce+b’c*+12c’°d+40e’~3ac’—32bce (323)
_189a°ce’+27a’c’d+120b°c’e+2b’c*+288c’de+27c*+448e’~9abc’—126ac’e—624bce’~72bc’d—27a’bc’e
T= 2D3/2
3 2 2 2 4 2 2 3 3 3.3
T2:4abc +8ac’e—8bc’ep+32ce" p—8c'+3a’ccep—ac —6e p (325)

26 p3

Determine p, B1 and Ba:
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\/3a c*+32ec—8bc’
12¢°

\/30 c*+32ec—8bc’
12¢° 3e

$2€ \/7*cos( cos” ' ( T)),—lsTsl

+2¢ W*cosh(_},:cosh (T))

\/3a c’+32ec—8bc’

_2c \/>*cosh(—cosh =T )),Ts—l

12 ¢ 3¢’
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(326a)
(326b) (326)

(326¢)

There are always two values, £p, that exist since p is a real root of cubic equation
(322).

B,=

ac
_ac.p

4e 2

ac p
4e 2

ac
_ac.p

4e 2

ac
_ac.p

4e 2

ac p
4e 2

ac
_ac . p

4e 2

1—cos(;—cos_l(Tz))),—lsTZSl

1- cod1(1coﬂ1 (TZO),T221
|

1+sinh(%cosh_l(—T2) ),Tzs—l

1+cos(;—cos_l(Tz))),—lstsl
1 -1
1+cosh(5cosh (Tz))),Tzzl

1—sinh (;—cosh_l(—Tz))), T,=-1

Then the roots of equation (319) are

B1

Bz

X3 4= 2c

note, the positive value of p in (326) is used.

and

16

Bz

X
787 D¢

1 \/Ble —4ce

—+—Vﬁiez—4ce,

2c

\/Ble —4ce

\/B§e2—4ce

2c
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the negative value of p in (326) is used.

G. Suggesting New Elementary Functions

During the exploration of solving quadratic, cubic and quartic equations by
trigonometric approach, we propose a side suggestion, which is implemented in this
book only. We suggest introducing potential new elementary functions in
mathematics, perhaps named cosht (or an alternative), sinht and tanht. The cosht
function represents a transformative link between the combination of composing
cosine and its inverse and composing hyperbolic cosine and its inverse. The name
cosht derives from cos for cosine and cosh for hyperbolic cosine, symbolizing its
transformative role within these functions. Similarly, the name sinht derives from sin
for sine and sinh for hyperbolic sine, and tanht derives from tan for tangent and
tanh for hyperbolic tangent. The letter t in cosht, sinht or tanht signifies its purpose
as a transformation between the composing trigonometric functions and composing
hyperbolic trigonometric functions during the solving process due to the constraint of
their inverse function's domains. It would essentially function similarly but with
distinct domains.

The functions cosht, sinht and tanht can be defined as follows:

f

cos(%cosl(x)+27rf—k) —1<x<1 (350a)

cosh(i—coshl(x)#z:k) x>1 (350b)

cosh 1—(:osh_l(—x)—w x<—1 (350c)
cosht, (x)= n n (350)

cos(lcosl(ix)+ﬂ):isinh(1—sinh1(x)+m(4k—_n+1)
n n n 2n

) —oo<x<oo (350d)

in(4k—n+1)
=

cosh(%cosh_l(ix)#z:k ):isinh(i—sinh_1 )—oo<x<oo (350¢)

\for k=0,1,...,n—1.

The cosht function has domain (-co, o).
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sin(i—sinﬂxh?) —1<x<1 (351a)
sin(l—sin_l(x)+ﬂ)= cosh(l—coshl(x)+m(4k7_n+1)) x>1 (351b)
n n n 2n
cosh(l—cosh_l(—x)—M) x<—1 (351c)
n 2n
sin(l—sin_l(ix)+ﬂ):[isinh(l—sinh_l(x)+2ink) —oo<x<oo (351d)
n n n n
sinht, ,(x)= sinh(i—sinh‘l(x)ﬁzn”k) —o<x<oo (351¢) (351)
isin(lsm Yx)+ 2"") —1<x<1 (351f)
sinh(l—sinhl(ix)+i2nk )z icosh(1 cosh™ m 4k— n+1)) x>1 (351g)
n n 2n
lCOSh(l—COSh 1n(4k n- 1)) x>1 (351h)
n 2n
for k=0,1,...,n—1.
The sinht function has domain (-co, c0).
| 1 k 1 k
tan(—tan_l(x)+n—):[tan(—tan_l(x)+n—) —oo<x<oo (352a)
n n n n
. 1 -1 itk
. itanh n—tanh (X)+T —1<x<1 (352b)
tan(%tanl(ix)+nn—): ) (ke 1)
. -1 1T +
tanhtn’k(x): ltanh(ﬁcoth (X)+f) x<—1lorx>1 (352c) (352)
tanh( tanh ™' (x )+ l:k) —1<x<1 (352d)
tanh( tanh~ (1x)+1:—k):itan(%tan_l(x)+%) —oo<x<o (352¢)
\kZO,l,..., n—1,
The tanht function has domain (-c0 -1) U (-1, 1) U (1, o).
where

* n be a non-negative integer (n € IN) representing the highest power for the
equation.

* k be an integer (k € Z) indicating the number of roots for the equation.
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Specifically, if k = 0, there is one root; if k = 1, there are two roots; if k = 2,
there are three roots, and so on.

The domains of cosht, sinht and tanht are all real humbers. However, the domain of
tanht is all real numbers except for x = 1 or x = -1. If the input of these functions is
in the form of ix, then the product of the function and a radical expression may have
at least one real number. If the input value of these functions takes the form of a +
iBx, where a and B are real, then either cos((1/n)cos™(x)) or cosh((1/n)cosh*(x)), for
example, is sufficient for cosht function to compute the roots of the equation,
according to the modern calculator. In that case, the general solution formula
expressed in complex number becomes very complicated. Although our derived
solution formulas for quartic, quintic, and septic equations in prior sections hold for
almost all cases in computing, we do not consider deriving the solution formulas
when the coefficients of the equation are of complex form in this book. Note that the
relations, for example, sin(ix) = isinh(x), cos(ix)=cosh(x) and tan(ix)=itanh(x), are
not restricted to the principal branch. They extend across the entire complex plane.

Next, we provide the proofs for (350), (351) and (352), and present example.

Proofs

1. To prove formula (350b), we can follow the same approach as [2-A-6] and apply it
for general n instead.

2. Formula (350c) follows by replacing x with -x in (350b) and applying the equality
cosh™*(-x) = im - cosh*(x).

3. To prove (350d), we use this identity,

cos_l(x)zg—sin_l(x).

Replacing x by ix gives

cos” ' (i x):%—isinhfl(x)

By substitution, we have

K\ (w0 1 27k
=cos|=——=sinh ' (x)+=—| —oo<x<o0
2n n n

cos 1—cos_l(ix)+
n
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_ T o0 ., n(4k+1)_n _
—COS(z__’TSIHh (X)'l‘T 2— 00 X<00
m(4k—n+1)

—00< X <00
2n )

=sin (l— sinh™' (x) —
n

im(4k—n+1)

—00<X<00
2n )

=isinh (%sinh_l(xh

4. To prove formula (351b), we use the definition of the inverse sine defined in the
main branch of the complex plane that is expressed as follows:

sin_lx:iln(\/g—ix),—lsXsl.

If x 2 1, we have
sin71x=iln(1 X —1—1x)

=iln|i +11n( X —1— x)

By applying the equality, (\/xz—l—x)(\/x2—1+x)=—1 the inverse sine of x becomes

sin”"' x=iln /(i )+1ln(_—1)

VX —1+x
=iIn(i)+iln (- )—iln(Vx2—1+x)

We have InliJ=in/2,In(~1]=in and In(Vx’~1+x)=cosh '(x). Hence, by substitution these in
the expression above, we get

sin_1x=—37n—icosh_1(x).

Next, we consider the expression,

sin(% sin1(x)+2:k):sin(%(_3_”_icosh1(X))+2”k)

2 n

=sin (—i cosh_l(x)+—4nk_3n)
n 2n
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:sin(l—icoshl(x)+—4nk_3n —E)
2 n

2n 2

ZCOS(ﬁcosh1(x)+4nk_nn_3n).

2n

By replacing k by k+ 1 and factoring out, which gives

in(4k—n+l))

_ 1 -1
—Cosh(ncosh (x)+ T

5. To prove (351c), we follow proof #2. Additionally, if k is replaced by -k in (351¢),
the expression on the right-hand side is rewritten a little differently as

(_X)+in(4k+n+1)

), x<—1,k=0,1,...,n—1.
2n

sinht, , (x)=cosh (% cosh™

6. Replace x by ix and use sin!(ix)=isinh*(x). Formula (351d) follows after replacing
k by -k and a little simplification.

7. To prove (351g) and (351h), we follow the same proofs #1 and #2.
8. Formula (352b) follows after replacing x by ix and k with -k.
9. For x < -1 or x > 1, result (352c) is expected by applying the equality

_ it _
tanh 1x:7+coth "x.

10. To prove (352e), we use two identities tanh(ix) itan’(x) and tanh(ix) =

itan(x), the proof follows after a little simplification.

We note that formula (352e) can also be expressed in terms of coth((1/n)coth*(x))
as follows:

i tanh lcothl(x)+m): itanh (£+lcothl(x)+m—ﬂ)
n n 2 n n 2

in(4k—n+2)).

:icoth(lcoth_l(x)+
n n

Furthermore, if n is an odd number, and we express n as 2m+1, with melN, the phase
shift for the hyperbolic cosine is identical for x = 1 or x < -1,
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1 4 i2mk .
>
+cosh(2m+1 cosh (X)+2m+1) ifx=>1
1 _ i2mk
coshty . (1 X)=1{— - ifx<—1. 353
2 1,k() cosh(2m+1cosh ( ) 2m+1) ifx<-1 ( )
m=0,1,2,
k=0,1,2,....,2m

Conclusion

The new functions sinht, cosht and tanht acts like a transformative link or a gateway
that establishes a connection among these types of functions via a single atomic
function, helps simplifying the process of choosing a formula and computes the roots
of an equation with ease. The integration of the trigonometric and hyperbolic
trigonometric functions offers a unified element that fulfills the necessary roles of the
new function operating on both real and complex numbers without having constraint
by domains or any limitations except some singular points. This can be helpful in
solving problems that involve both real and imaginary numbers, especially in higher
order polynomials. It can also enhance computational convenience in the future. From
now on, when a solution formula is expressed in either function (350), (351) or
(352), it implies that the formula provides a complete solution.

In addition, it has come to our attention that definition (350) bears resemblance to
the Chebyshev polynomial of the first kind. Nevertheless, it deviates as a result of a
unique value of (n), which we define as its reciprocal, (1/n), and the phase angles
present in the cosine or hyperbolic cosine functions.

Example. Rewrite solution formula (281b) for the septic equation using the sinht
function and solution formula (320) for the octic equation using the cosht function.

Solution

1. The solution formula for the special septic equation can be expressed in terms of
sinht function as

2

3
7 6 4 C 2 C
ax' +bx’ +cx +4—bx +

56 b
e , k=0,1,...,6. (354]
7a\/;
2bV2b

=0 (a#0,b#0)

Xgs1——

2V2b sinhtw(

2. The solution formula for the special octic equation, expressed in terms of cosht

169



function, is
4
x*+ax’+bx’+cx’+dx +ex3+be x2+(%x+e——0 (c#0)
c’ c c
e [
X1,.8 fﬁ,ﬂ ¢ Bk+1e —4ce

4abc’+8ac’e—8bc e p+32ce’p—8c*+3a’c’ep—a’c’—6e’p’

Biw= E 5(1 COShtZk(

2€3p3

2
p2:3a c*+32ec—8bc +2L2\/9a2ce+b2c2+12c2d+40e2—3c1c3—32bce*

Chapter 2

(355a)

(355b)

(355c¢) (355)

12¢° 3e
cosht 189a°ce’+27a’c’d+120b°c’e+2b’°c’+288c*de+27c +448e’—9abc*—126ac’e—624bce’~72bc’d—27a’bc’e
B’k 2(9026e+b2c2+12C2d+40e2—3aca—32bce
k=0,1,2. (355d)
Then the roots of equation (355a) are
B1 1 2 2
e —4dce 355e
=22 g (355°¢)
Xy = Pre Ly ‘e’—4ce, (355f)
: 2c 2 c
where the positive value of p is used.
and
Xs 6 _+—\/Ble —4ce (355¢9)
X; g = Pae —\Bie’—4ce, (355 h)
’ 2c 2 c

where the negative value of p is used.

Using (355) with a = 0 and b = 0 results in depressed-like form of the octic equation,
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4

Xtex+dx'vex’+&=0 (c#0) (356 )
c
e
X, 8251‘;—11;7\/%,48—406 (356 b)
2 . 4 o 3 3 (356)
3k+1:B(1—cosht2k(16ce p—dc -3¢ p )) . k=0,1 (356 ¢)
2 ’ e p
2 5 3
z:8ec +4_C 32d +10 2% cosht 288c de+27c’+448¢e L k=0.1.2. (356d)
2 2 3,k P 2\3/2
3¢ 3e 16(3c*d+10¢?)

The roots of equation (356a) can be explicitly expressed as (355e), (355f), (355h)
and (355g). Note, we can express all solution formulas (355) and (356) to radical
form by using (46b).

If we replace e by ec, then (356) can be rewritten a little differently as

X+ex’+dxt+cex’+e'=0 (357 a)
e

X 8=Bk;—1i%wiﬂez—4e (357 b)

16e’p—4c—3e’p’ 357
Bkﬂ:él(l—coshtz’k( p = b )) L k=0,1 (3570) ( )

ep
2 3
p2:8i2+4_2 3d+10 ¢ cosht, | 288d e+27 c +44§2e k=012, (3574)
3e” 3e 16(3d+10¢?

H. General Solution to Special Form of the (2n+1)th Degree Equations

We have already seen the forms of the quintic equation (228a) and septic equation
(274a), both of which are solvable equations. In this section, we will provide a
general solution formula for (2n+1)th degree equation. Let a and b are real humbers
satisfying the condition ab = 1. We can observe the following results:

1. @+b’=(a+b)’—3(a+b) (358)

By setting u = a + b and a® + b® = m, which gives a system of equations:

u’—3u—m=0 (359a)
a’+b’=m (359b)  (359)
(ab)’=1 (359 ¢)
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Solve for a* and b? from (359b) and (359c), we obtain

a3:2m—+;— m —4 and b3:r2£—%\/m2—4

Therefore, the root of equation (359a) is given by

————\1/3 ————\1/3
u=a+b= nl+1—\/m2—4 + m—1—\/m2—4
2 2 2 2
1 —1(m
2cosh|{=cosh [— || m=1
3 2

(360)
2cos 1—cos_1 m —1<mx1
3 2

If we replace b with -b, we can obtain u = a-b, which provides a solution to equation
(358) in the form of either sine and its inverse -2sin((1/3)sin*(m/2)) or hyperbolic
sine and its inverse -2sinh((1/3)sinh™*(m/2)).

2. We now consider

(a+b)S=d’+b°+5(a’+b’)+10(a+b)
=a’+b’+5(a+b]'~5(a+b). (Use (358))

Hence, we get

a’+b’=(a+b)’~5(a+b)’+5(a+b) (361)

Similarly to #1, settingu = a + b and a> + b> = m, we obtain the equation

C—5u+5u—m=0 (362)

and solve for a®> and b®
a5=n—1+1— m—4 and b5:’£_l m’—4.
2 2 2 2

The solution to equation (362) is

— \1/5 1/5
u=a+b= ni+1—\/m2—4 fm_1 m°—4
2 2 2 2
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2 cosh (1— coshl(ni)) m=>1
5 2

2 cos 1—cosf1 m —1<m<l1.
5 2

(363)

Note that the term 2wk or i2mwk is not included in the solution formula (363) during
the solving process; it will be added when we derive the final solution.

3. Continuing the pattern above (#1 and #2) for the sum 7th powers (a’+b’), we
obtain the corresponding result,

(a+b)=d +b"+7(a*+b°)+21(®+b*) +35 (a+D)
:a7+b7+7((a+b)5—5(a+b)3+5(a+b))+21((a+b)3—3(a+b))+35(a+b) (Use (358), (361))

Hence, we deduce that

a +b’=(a+b)~7(a+bf+14(a+b}—7(a+b). (364)

Setting u =a + b and a’ + b’ = m, we obtain

U—7u+14u* -7 u—m=0 (365

and get the solution

— \1/7 — \1/7
u=a+b=(r27—1+;—\/m2—4) +(2m—;—\/m2—4)

2 cosh (1— cosh™! (ﬂ)) m=>1
7 2
_ (366)

2 Cos lcos_1 m —1<m<1.
7 2

Analyzing the coefficients generated by equations (359a), (362), and (365), we
observe a similarity to the triangular coefficients of Chebyshev polynomials [12] when
replacing u with u/2 in the equations and multiplying each equation by 2. To
generalize the solution to this equation type, let a, b and p be arbitrary so that it
satisfies the condition ab = p. Using the same procedure outlined in #1, #2, and #3,
we derive formulas in the following patterns:

» Third degree equation and its solution
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-3 pu—m=0

u:2\/;cosh(%cosh12pr2/2),m21

u=2vp-cos l(:os_l% ,—1<m<1
3 2p

(367)

» De Moivre’s quintic equation and its solution

u5—5pu3+5p2u—m=0

1 -1 m
u=2v pcosh|=cosh ,m=>1
p (5 zpm) (368)

u=2vpcos lcos_l% ,—1<m<1
5 2p

» Seventh degree equation and its solution
u—7pu’+14 p’u’—7 p’u—m=0

u:2x/§cosh($—cosh”2pn;/2),m21

(369)

u=2 pcos(% coslz%),—ISmsl

Therefore, we do further analysis relating to the triangular coefficients of Chebyshev
polynomials [12] and come up with the general equation, and its corresponding
general solution:

D e o)

uk+1=2\/;COSh(2n+1 cosh_l(zp(2T+1)/2)+;2’17:_];), ﬁzl (370b)
:2\/;cosh(2n+1 cosh_l(— 2p(2T+”/2)+;2nT;)’ . (zn:m/zs_l (370b) (370)
:2\/;cos(2n1+1 cos_l(Zp[2T+1)/2)+22nn+k1), —13#31 (370¢c)

for k=0,1,2,...,2n.

Furthermore, we can express the solution of equation (370a) in terms of cosht
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function:

m
2n+1)/2

uk+1:2\/;COSht2n+l,k(2p[ ) ,k=0,1,...,2n. (3704d)

As previously mentioned in #1, by replacing b with -b, we get a similar solution
formulas presented in (370) but it has a combined form of hyperbolic sine and its
inverse or sine and its inverse. Indeed, we repeat the process from step #1 to #3, we
obtain analogous equations with all coefficients being addition signs. The results are
shown below:

» Nth degree equation and its solution in the form of hyperbolic sine and its
inverse

n+k ,pn ku2k+1
(2n+1 Z +m=0 (371a)
k=0 2k+1 (n—k)’

_ . 1 .1 m m
uk+1__2\/;SIHh(2n+ISlnh (W)), _OO<W<OO (371b)

for k=0,1,2,..., 2n.

(371)

» And nth degree equation and its solution in the form of sine and its inverse

n (_1)n—k(n+k)!pnfku2k+l B
((2n+1)k§l k1)1 (n=K]] +m=0 (372a)
(372)
n+1 -1 m m
U 1= 2\/;51[1(2”_'_1 sin (W)),—lﬁwﬁl (372b)
for k=0,1,2,..., 2n.

Example. Use the results from (370) to derive the solutions for ninth and eleventh
degree equations.

Solution. By substituting n = 4 into (370), we get solution for the ninth degree
equation
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u9—9pu7+27p2u5—30p3u3+9p4u—m=0
1 -1 m i2mk m

uk+1=2\/;cosh(§cosh (2p9/2)+ 9 ), WZl

uk+1:2\/;cosh L cosh™! | m JL2TK . <1 (373)
9 2p 9 2p

_ 1 -1 m 2mk m
uk+1—2\/;cos(§cos (2p9/2)+9—)’ —1S2pﬁsl
for k=0,1,2,...,8.

Similarly, by plugging n = 5 in (370), we obtain the eleventh degree equation and its
solution

u'—11 pu’+44 p’u’—77 p’u’+55 p* u’—11 p’u—m=0

U, =2 PCOShtn,k(z;;lT)’ for k=0,1,2,...,10. (374)

(Noting that we use the function cosht.)

Example. Use the results from (371) to derive the solutions for ninth and eleventh
degree equations.

Solution. By substituting n = 4 and n = 5 into (349) and renaming variable u as x,
we obtain the following results:

» The ninth degree equation and its solution

X’+9px +27 p°x>+30 p’ x*+9 p* x+m=0 (375a)
xk+1:—2\/;sinh(ésinh_l(zpngn)+i2§k) (375b) (375)
» And the eleventh degree equation and its solution
x"'+11 px°+44 p>x"+77 p’ x>+55 p* x’+11 p° x+m=0 (376 a)
Xy =—2 psinh(%sinh‘l( m_ )+"2171”‘) (376 b) (376)

By using the same method applied to the septic equation in part D of Section IV to
construct coefficients a (a#0), b, and c of equations (375) and (376), which will yield
the following results:

» Solution to the ninth degree equation (type 1)
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2 3 4
ax+bxPeoxt 2L (i 27C 2, 9C g (b+0)

100b ~ 10006 10000b°

V3c k=0,1,...,8. (377)
9a\/; )

2bv10b

Xpe1=—

2410 bsinhtg (

» Solution to the eleventh degree equation
7¢ 6. 4c® 4. ¢ c’

X 5 X + 3 X + 1
25b 125b 625b 34375b

Ve
11a\/; )

2V 5 b sinht
“’k(zb\@

11 10 8
ax +bx +cx +

=0 (b#0) (378a)

k=0,1,...,10. (378p) (378)

Xps1——

By applying (46b), solution formula (378b) to eleventh degree equation (378a) can
be converted to the radical form:
Ve

X =— (378¢)
_ 1/11 — -1/11
\/_ 11(1\/C+\/l21612c+20b3 i2nk /11 1161\/C+V121612C+20b3 —i2nk /11
5b 2 e - \1/2 €
(200 200”)

fork=0,1, 2, ..,10.

I. Solution to Special Form of the Ninth Degree Equation (Type 2)
The special ninth equation is expressed in the following form:
5 2cd 4 3 d_e 2 Cd2 d3

ax’+cx’ +dx’+ex’+ xX*+g X+ =x*+—=x+——=0 (a#0) (379)
3a 3a 9a 27a

In (42), we rename x as u and the coefficients as shown below:

au’+a,u’+a,u+a,=0 (a#0) (3804a)

a 9aa,a,—2a’—27d a ] (380)
uk+1:——1+i a:—3aa,cosh l—coshf1 ! 22 — +12nk (380 b)

3a 3a 3 Z(al—Baaz) 3

By replacing u by (x*+d/x) and multiplying through equation (380a) by x°, we
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obtained
ax9+a1x7+3adx6+azx5+2a1dx4+(a3+3adZ)x3+azdx2+a1d2x+ad3=O (a#0) (381a
2. d (381)
X+ =, (381b]

Rearranging equation (381b) in x, replacing a1 by ¢, d by d/(3a) and az by e gives

2 2 3
ax’+ex +d Crexd+29C 4ty a3+i x3+d—ex2+%x+ d —=0 (a#0] (3824
a 3a 3a 9a 27 a
3ax’-3au,,, x+d=0 382b) (382
9ace—2c’—27d’a i
uk+1=—c—+2— ¢*~3aecosh| X cosh™ — S2mk (382¢)
3a 3a 3 2(02—3c1e) 3

Solving for x from cubic equation (382b) and replacing as with g - d?/(3a) gives
the desired equation and its solution:

s de , cd® d°

ax9+cx7+dx6+ex5+ﬁx4+gx XX+ =0 (a#0) (383a]
3a 3a  9d° 27d°
Upsq 1 -1 \/Ed i2mj | .
=2 h|=cosh | — + =0,1,2 383b
Xjr1 3 C0S (3 cos ( 2auiff) 3 )J ( ) (383

3a 2(02—30e)3/2 3

2 3 2 .
u;(+1:—3i+i c2—3aecosh(;cosh1(9ad tdace—2¢ —27d’g )+12nk) (383c¢)
a

If the inputs of the hyperbolic inverse cosine functions in (383b) and (383c) lie within
the interval [-1, 1], then we can replace the functions with the regular cosine and its
inverse functions, namely

_ Up i1 -1 \/Ed 27'[_] .
Xj+1—2\/ 3 cos(cos (_20u3/2)+ 3 )]—0,1,2 (383d)
2 3 2
uk+1=—i+i & —3aecos 1—cosfl Sad +9ace 2c3/227a g +2nk (383¢)
3a 3a 3 2(c2—3ae) 3

Noting that all solution formulas (383b), (383c), (383b) and (383e) can be rewritten
in terms of the cosht function when needed.
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For each value of j, formula (383b) gives three roots, corresponding to k = 0, 1 and
2. Therefore, it gives a total of nine roots for equation (383a), corresponding to the
combination of j = 0, 1 and 2, as follows:

u; -1 v3d
2 4/— cosh [ cosh ———
3 2au

1

X1,2,3= 2\/g;cosh cosh ™! —\/gd (383f)

3/2
2au,

u _ 3d
24/==cosh | cosh | —
3 20“3/2

| ;

ﬁ‘

and

\/gd +i2n

2 cosh | cosh™'| —

cosh | cosh™! —\/Ed +i2n (3839)

1 \/gd +i27T

24/==cosh|cosh™'| —

X456—1{2

N
Q
m:w

AN
N
w

2 u—lcosh cosh™* —\Ed +i47r
\3 2au*’?| 3
u )
X7 8,9={ 24— cosh | cosh™ —\/§d3/2 +14n (383h)
3 2au, 3
21u—3cosh cosh™! _\/§d3/2 +147I
3 2au; 3

where ui1 ,u2 and us are given by formula (383c) or (383e).

K. Solution to the Ninth Degree Equation in Radical Form (Type 2)

Instead of giving a summary section as we have done for others in prior sections, we
provide the solution to ninth degree equation (379) in the radical form.
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Define
D=c’-3ae
M=9ad2+9ace—2c3—27azg

Then solution formula (383c) becomes

Uk+1:—C—+2—\/BCOSh Losh™! (M|, 121k ,k=0,1,2. (384)
3a 3 2D

3a e

By applying (46a) to both (384) and (383b), which can be converted to the following
radical forms:

[ ——\1/3 -1/3
_C 1 M+\/M2—4D3 i2mk/3 M+\VM*—4D’ —i2nk/3
Uy =—5—+—\VD 3/2 e 3/2 e
3a 3a 2D 2D
[ —————\1/3 -1/3
_c 1 M+\/M2—4D3 i2nk/3 M+\VM*—4D? —i2nk/3
Uy =5 —+o— VD 3/2 e 3/2 e
3a 2D 2D

:_£+i [(%(M+\/ M’—4 D3))1/3ei2""/3+D (% (M+\/ M2—4D3))1/3e‘”""/3] (385)

fork =0, 1, 2.

and
— — 1/3 R e
Uy 1 \/3d 3d° 2nj/3 \/Ed 3d’ —i2nj/3
Xj+1:2 3 5o T 2 3 -1 e 5ot 2 3 -1 I
3 2 2auk+1 4a Ugiq 2auk+1 4a Ugiq
1/3 -1/3
%l zi V3d+y3d 4a2ui+1)) elzn]/3+uk+1(i(—\/§d+\/3d2—4azui+1)) e‘z’”“] (386)
forj=0,1,

Hence, by combining the results from (385) and (386), the roots of the ninth degree
equation (379) can be expressed explicitly in radical form:

— 1/3 -1/3
Xlz\/i_ 2%(—\/3d+\/3d2_4a2u?1’) +u1(2 3+ (38— aa’u )) ]
3L

[ — 1/3 ——————\\-1/3 1
XZZL_ L(_J3d+\/3d2—4a2u§) e'2“/3+u1(i(_\fgd+J3d2—4azufj)) e e
V3 [\2a 2a ]
[ ——\\1/3 — -1/3 1
x3:\/L_ 2%(—\/5d+\/3d2—4a2u?) e'4"/3+u1(2%(—\/3d+\/3d2—4a2ui’)) e 13
3L .
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—1/3

| 1/3
xo=L|[-L(-V3a+\3d*-4c*ul) +u2(1( 3a+(3d-adul)
V3 [\2a 2a
[ /3
x5:\/L ZL( 3d+(3d*—4d' ) elz"/3+u2(zla( 3d+\3d*-4c’ut )) e "’
31 a
[ 1/3 -1/3
x6=% Zia( Bar{3d—adull e‘4”/3+u2(20( V3d+\3d*—4a’u )) enin/3
31
[ 1/3 —1/3
x7:i_ i( 3d+\/3d —4d’u ) +u3( 1 ( 3d+\/3d —4d u3 ]
\/3 2a 2a
xy=— L( (3d+\3d—4a’u )1/3ei2”/3+u i(— 3d+\3d*- aatus u3) e’
8 \/3 i 2a 3 2a 3
1 [ 1 1/3 -1/3 ,
Xg=— —( 3d+\/3d —4d’u ) e'4”/3+u3( ( \/3d+\/3d —4a’u )) e e
V3 [\2a 2a

where ui1 ,u2 and us are

CE (M+\/M2—4D3))1/3+D(%(M+\/M2—4D3))_1/3]
(M-H/m))l/?’ei2n/3+D(;_(M+\/M))1/3ei2n/3]

= 3a 3a_
(M+\/m))l/sei4n/3+D (% (M+\/M))_l/3e—i4n/3]

N |—

cl-

- = 4=

=3 T3 i

N |—

|
N

Notice that in equation (379), the coefficient b in the x® term is absent. We can have
this coefficient in the equation by substituting x with x + b/(9a) and then repeat the
process of generating other coefficients, but we have not shown the works here due
to the large terms generated during the process.
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Appendix 2-A: Miscellaneous Proofs of Various Identities and Formulas

[2-A-0]

The following trigonometric identities are well-established and commonly used in
mathematics.

sin(ix)=isinh(x) tan(ix)=itanh(x) sinh(ix)=isin(x) tanh(ix)=tan(x)
cos(ix)=cos(x) cot(ix)=icoth(x) cosh(ix)=cos(x) coth(ix)=cot(x)
sin*(-x)=-sin*(x) cos(-x)=m-cos(x) cosh™(-x)=mi-cosh™(x) cos*(-x)=1-cos™(x)

sinh(-x)=-sinh}(x) cosh™(-x)=mi-cosh™(x) coth™(-x)=-coth™(x) cot*(-x)=-cot!(x)
tan’!(ix)=itanh*(x)  cot'(ix)=-icoth*(x) icos™*(x)=cosh?(x) sin*(ix)=isinh?*(x)
tanh™(ix)=itan*(x) coth*(iu)=-icot*(x) icosh!(x)=cos?(x) sinh™(ix) = isin!(x)

sinh(x+i2km)=sinh(x), keZ tanh(x+imk)=tanh(x), kezZ
cosh(x+i2kt)=cosh(x), keZ coth(x+imk)=coth(x), keZ
[2-A-1]

*  cos(2x)=2cos’x—1 (Double angle identity for cosine)

=1-2sin’x

*  cos(3x)=4cos’x—3cosx (Triple angle identity for cosine)

*  cos(4x)=8cos*x—8cos’x+1 (Quadruple angle identity for cosine)

*  cos(5x)=16cos’ x—20 cos’ x+5cos x (Quintuple angle identity for cosine)

6x)

6x)=32 cos® x— 48 cos* x+18 cos x—1 (Sextuple angle identity for cosine)

cos (7 x)=64 cos’ x — 112 cos® x+ 56 cos’ x — 7 cos x (Septic angle identity for cosine)
See more>> http://www.seriesmathstudy.com/sms/multipleanglecosine.
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[2-A-2]

We show the solution of the composition of the cosine function with its inverse. Since
the cosine function is periodic with a period of 2m, it can be expressed as
cos(x)=cos(x+2nk|], Vx,keZ.

Hence, to solve for

cos(ncos_l(x)):m, —1<x<1l,mandneR,

we can manipulate it to get x through the following steps:
@cos(ncos_l(x)iZHk):m, —1<x<1,keZ,mandneRrR.

encos ' (x]+2mk=cos ' (m),

ecos (x)x2m k:i—cos_l(m),

@Cos_l(x)zllq—cos_l(m)12 nk,

< X=C0s 1—cosfl(m)12nk , —1<x<1,keZ,andm,neR .
n n

The same approach can be applied to other trigonometric and hyperbolic
trigonometric functions provided that an equivalent period of each trigonometric
function is specified.

[2-A-3]
*  cosh(2x)=2cosh’x—1 (Double angle identity for hyperbolic cosine)
=1+2sinh *x
*  cosh(3x)=4cosh®x—3cosh x (Triple angle identity for hyperbolic cosine)

cosh (4 x)=8 cosh* x—8 cosh’x+1 (Quadruple angle identity for hyperbolic cosine)

cosh(Sx)=16 cosh® x — 20 cosh® x+5 cosh x
(Quintuple angle identity for hyperbolic cosine)

cosh (6 x) =32 cosh® x — 48 cosh® x+18 cosh® x — 1
(Sextuple angle identity for hyperbolic cosine)

cos (7 x):64 cos’ x — 112 cos’ x+56 cos’ x — 7 cos X
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(Septic angle hyperbolic cosine identity)

See more>> http://seriesmathstudy.com/sms/multipleanglehyperboliccosine.

[2-A-4]
In [2-A-1] substituting x by cos(x) into the quadruple angle cosine identity, we have

cos(4 x):8cos4x—8coszx+1.

Applying the formula cos™(x) = /2 - sin"'(x) gives
cos(2m—4sin ' (x)|]=8x*—8x*+1
= cos(—4sin'(x))=8 x*—8x%+1

= cos (4 sin_l(x)) =8x'—8x*+1.

[2-A-5]
We apply double angle identities for cosine and hyperbolic cosine to express solutions
(20b) and (23b) in terms of radicals as follows:

» Using (20b) with k = 0 and k = 1 gives

b 21 _1[b°—8ac
—— cos “| = cos - (a1)
__b (., 1 (b —8ac|||_ ] ¢ 4 b
Xl’z__Z_a 1+ cos 2—cos 5 = ,
—Qsin2 1—cosf1 b*—8ac (a2)
a 4 b?

* Applying formulas (1.5) and (1.4.4) gives

——(2+\/2+2 —

b 1 .[b*—8ac)\||_ | 4a b

X,,=— | 1%xcos|=cos 5 =

©o2a . b b b -8
—2 |2—y2422=084C
4a b

* Using (23b) with k = 0 and k = 1 gives
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2 1[b*—8ac
— = cosh’| = cosh : (a5)
b + cosh 1 ! b°’—8ac _
Xl,z—_ﬁ 1=+cos ECOS T = b b2
a—sinhz(%coshl(—_ifc)) (a6)

* By applying (1.2.3) and (1.5.3), which gives

I |
b \/2+2b2 82“2)
4a

_ —21—a(b+ b2—4ac) (a7)
—21—a(b—\/b2—4ac). (a8)

[2-A-6]
We use (40b),

X :—b—+2—\/b2—3c1ccos 1—cosfl(T)+M for —1<T<1,
1" 3aq 3a 3 3

where
:9abc—2b3—27a2d

T )
2(b*~3ac)’”’

to derive (42b) as follows:

xk,fl:—L +2—\/b2—3accos 1 iln(T—\/Tz—l) +2nk
3 3a 3\ i 3
—_b +2—\/b2—3accos L ,lln 1 +2nk
3a 3a 3|1 T+VT?—1 3

_b +2— b*’—3ac cos L —_lln(T+ T2—1)+2nk

3a 3a 13 I 3
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Substituting 1n(T+yT’—1)=cosh !(T) gives

=_b +A\/b2—3accos(3—icosh_1(T)+2nTk)

3a 3a

Factoring out i from the expression in parentheses gives

__b +L\/b2—3accos i 1—cosh_1(T)_l2nk
3a 3a 3 3

Use cos(ix) = cosh(x). Since the value of k can be 0, £1, £2, by re-indexing the
value of k in the cosine function, the roots x«+: remain unchanged without loss of
generality:

—_b +L\/b2—3accosh[% cosh™ (T|+

i2nk

] for |T|>1.

[2-A-7]

x>0 x=0

:1im\£(\/;+l—)

oo 2 | T

1. lim Xcosh(;—ln(x)):lim x cosh (In (Vx|

ZIiml—(x+1)
x>0

1
>

2. lim Xsinh(;—ln (x)):hrn Vxsinh In (Vx)]

x=0 x>0

:1im§(&—i)

w0 2 T

[2-A-8]
Triple Angle Identity for Sine

By taking the derivative of both sides of triple angle identity for cosine in [2-A-1], we
have:
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—3sin (3 x)=—12sinxcoszx+3 sin x
= sin (3 x)=4sinxcos >x —sinx
=sin (3 x):4sinx(1—sin2x)—sinx

—sin (3 x)=—4sin®x+3sinx (Triple angle identity for sine)

Triple Angle Identity for Hyperbolic Sine

In [2-A-8], replace x by ix into the triple angle identity for sine. We find that
sin(3ix)=—4sin3ix+3 sinix
= isinh (3 x)=4i sinh® x+3 i sinh x

=sinh (3 x)=4sinh’ x+3sinh x (Triple angle identity for hyperbolic sine)

[2-A-9]
Triple Angle Identity for Tangent
The triple angle identity can be derived as follows:
tan (3 X)ZSM
cos (3 x)

. -3
_3sinx—4sin" x

- 3
4 cos” x —3 cos x
3tan x

3
—4tan” x
__ cos x
B 3
4- 2
CcoS” X

_3 tan x (tan® x+1) — 4 tan® x
4—3(tan2x+ 1)

. 3
:M (triple angle identity for tangent)
1—3tan” x

See more>> http://seriesmathstudy.com/sms/multiple angle tangent

Triple Angle Identity for Hyperbolic Tangent
In [2-A-9] replace x by ix in triple angle identity for tangent to get

3
tanh (3 x)= 3 tanh x+ta2nh X
1+3tanh” x

See more>> http://www.seriesmathstudy.com/sms/multiple angle hyper tangent.

[2-A-10]
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Simplifying the formula:
c 2b°-3ac 1 _ mik
X == mnh(gwmﬁ11UJ+—§— ,k=0,1,2.

We take a look at this expression,
d1+u _dl—u
1-u 1+u
J1+u al—u
+
1—u 1+u
+u-1-u
3 3 :
V1+u+J1—u

Then taking the limit as u tends to 1, we find that
nlk) \/1_'_ ink/3 3/1 o ink/3

) 1 -1
hmtanh(gtanh ( )+3_ “_)1\/1+Uelnk/3+ /1 71nk/3

u->1
ink/3
—lim \/1+ue ~1.

u-1 \/1+ue1nk/3

tanh (— tanh ' u )
3

Hence, the given formula is rewritten as
c 2b°—3ac

23770, T 4ab
_ ac—b’
2ab
[2-A-11]

1 B
~cosh™ —3) as u tends to O:

Consider taking the limit of the expression, Aucosh(

—+ ——1

lim A ucosh
u=>0

u->0

—hmAucosh(;—l (l; %\/ —uf )

( cosh™! ?) lim A ucosh —ln
u 3

u-=>0 u

=lim Aucosh(;—ln(BH/Bz—uG)—lnu)

u-0

=lim Au cosh(;—ln (B +\/Bz—u6)) cosh (Inu)

u->0
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—Au sinh(% ln(B+\/ BZ—US))sinh(ln u

(USing reSUItS [2'A‘7]: lim XCOSh(lH(X)):;_ ,and hmxsmh(ln (X)):—;—. )

x=>0 x=0

_A L AL
= cosh(3 In (2 B))+ 5 smh(3 1n(2B))
:A|:C05h (l ln(2B))+sinh(1—ln(2B))
2 3 3
=Aexp(lln(23)+2nik)
2 3 3
3 .
:A\/22B exp(2n31k) (45

Substituting A and B into (45) yields the desired result (43).

[2-A-12]

A. Solution to Depressed Quartic Equation
The depressed quartic equation can be written in the form of
ax'+bx’+cx+d=0 (a#0), (1)

where a, b, c and d are real numbers. The x> term is omitted.

The quicker approach involves setting b to zero in either expressions (84) or (85) as
depicted in the step 16 of Section III. Or we substitute x with x-b/(4a) and redo the
process of constructing coefficients which leads a similar result. The alternative
method assumes that neither (84) nor (85) has been derived yet, we return to Step 7
of Section III and begin process of deriving the depressed quartic equation. For more
convenience, we rename all coefficients of (76) of Section III to all capital letters as
follows.

2

Ax4+Bx3+Cx2+Dx+A?Dz:0 (A#0)

(2]
B’+16 A’ D—8ABC
B3

B’+16 A’D—8ABC
B3

-1

2
16A°D
T

1
—Cos

1=+cos
2

B
X=———
4A

)+41A~/B2( licos[ ;-COSA

1. By substituting x with x-B/(4A) into (2), which vanishes the x term, resulting in a
depressed quartic.
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A_ B _BC
8A® 2A

2
Ax4+(C—:i )x2+

_B 1
X=F-——cos| =cos
4A 2

2 4 2
x+A2D _3B —+ B C2 —BD=0 (A#0)
B 256 A° 16A

B’+16 A°’D—8ABC
B3

3]

3 2
b 1k cosl Legs | B+16A’D—8ABC
4A 2

B3

2
_16A°D
B

2

2. Replacing A with a and C with b+% in (3) gives

3

D—@— B > |
2a  16A

x:—b— 1+cos lcosf1
4a 2

3
3. Replacing D with c+@+16B2 and B with p into (4) gives
a

2 2 4
GX4+bX2+ BD +D a B b 3B

- + + =0 (a#0
4a B* 164> 2564’ (a20)

(4]
2
b’+16a°d—8abc )])+1_\/b2(1+cos[lcos1(b3+16a2d8abc )]) _16d*d

b " 4a - 2

b’ b

4., 2 pc .ac’ bc b _
ax*+bx*+ox—t—+——+—+-—=0 (5a)
a p° p 4a
1 16a°c—p° ||, 1 1 16a’c—p* ||| Babp+p™+16aic .
x=TFLcos| =cos™ —3p += 4 p* 1+cos| =cos | 2LEL ||| ~292L7P (5b)
4a 2 p 4a 2 p’ p

4. Setting

5. Multiplying through both sides of (*) by 8ap2 and isolating p produces a cubic
equation:

cp3+(8ad—2b2)p2—8abcp—8020220.

6. Using cubic formula (40b) to solve for p gives:

p:2(b2—4ad)+4\/b4+16a2d2+6abc2—8¢1b2dnos lcos,l2b6+18ab3c2+27a2c4+96a2b2d2—24ab“d—72a2bc2d—128a3d3 :
3¢ 3¢ 13

4 2 42 2 2 4\372 6)
2|b"+16a°d"+6abc"—8ab’d
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Therefore, the solution to the depressed quartic is expressed in terms of cosine and
its inverse after substituting expression (*) for d in (5a):

ax*+bx’+cx+d=0 (a#0) (7a)
X, 234:$£COS|:1—COS1(716020_p3 )lil\/ﬁ( licos[l_cosl( 16a°c—p’ )l)z_P3+16020+8abP (7b)
e V| 2 p’ 4a 2 p’ p (7)
where
pzz(b2—4“d | +4¢ b*+16a°d’+6abc>—8ab’d COS( 1 12b°+18ab’c*+27a’c*+96a’h’d*~24ab"d—72a’bc’d—128’d’
3c 3c 2(b*+16a°d*+6abc’—8ab’d)”

and the same solution expressed using hyperbolic cosine and its inverse:

ax*+bx’+cx+d=0 (a#0) (8a)
2 3 2 3 2 3 2
X1234=1£cosh[lcosh_l(—160 P )lii\/pz(licosh[lcosh_l(16“ c—p )l) p +16a’c+8abp (8b)
S 4a 2 p’ 4a 2 p’ p
where (8)
p:2(b2—4ad) +4¢ b*+16a°d*+6abc’—8ab’d Cosh( 1 2b*+18ab’c’+27a’c*+96a’b’d’~24ab"d—72a’bc*d—128°d"
3c 3c 3 2(b*+16a*d*+6abc’—8abd)””’

We note that p is determined by cubic formula (6) that may involve cosine and its
inverse or hyperbolic cosine and its inverse, detailed in Section II. In addition, we aim
to present solution(s) in various formats and use different approaches to enhance
readers' comprehensive understanding of the method.

B. Transforming Depressed Quartic Equation and Its Solution into General
Form

We proceed by transforming the depressed quartic (7) or (8) and its solution into the
general quartic. To make the process more convenient, we will rename the
coefficients a, b, ¢, and d of equation (7) to A, C, and D, respectively. Hence, the
depressed quartic (1) becomes
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ax*+Bx’+Cx+D=0 (a#0) (9a)
2,4~ 3 S 2
=5 P cos 1_COS 16a°C—p° L1 0?[ 1+ cos lcos—l 16a"C—p _p +16a C+8aBp(9b)
4a 2 p’ 4a 2 p’ p
where (9)
_2(B*~4aD) +4\/B4+1602D2+6aBC2—SaBZD .
~ 3C 3C
1  _12B°+18aB’C’+27d’C*+96a’B*D’~24aB*D—72a° BC’D—128a’ D’
COos | — cos 35 (90)
3 2(B*+16 a* D*+6 aBC*—8 aBb> D)
1. By replacing x with x+b/(4a) in (9a) and (9b), which gives
3 2 4
ax*+bx +(B+&)x o csBl D ~ |x+D+ Bb2+Q+ b ~=0 (a#0) (10a)
8a 2a 16a 16a” 4a 256a
2 3 2 3 2 3 2 (10)
x=—2 7P ol Leos | 109C=P || L p’l 1+cos Loos | 109 Cop ||| _p+16a’C+8aBp (10b)
4a 4a 2 p’ 4a 2 p’ p
where p is found in (9¢).
: 3b> . _3b° . .
2. Replacing B+=— with c or B=c—=—— in (10) gives
8a 8a
3 4 2
ax*+bx’+cx’+ C—L2 L vipsCl 5b3 + bc2:O (a#0) (11a)
8a- 2a 4a 256a° 16a
1 _i(16a°C—p’
Xl 2,3,4— 4p 05|i5 COoS 1(Tp ] (11)
2 3 2 3 2 2
— +16a " C+p|8ac—3b
os —cos w _b a’C+p(Bac ) (11b)
p p
where
_(8ac—3b*f'~2564’D
96a’C
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\/(8ac—3b2 ' +65536a° D*+3072a*(8ac—3b*)C*-512a*(8ac—3b*'D (1 _.,Q
+ - cos|=cos (=) | (11c]
48a°C 3 S

Q=(8ac—3b%"+4608 a*(8ac—3b*| C*+3538944 a° C*+196608 a° (8 a c —3b*| D*
~768a*(8ac—3b%)' D—1179648 d’ (8 ac—3b*) C* D 16777216 a’ D’

and

s=((8ac—3b*) +65536 ° D*+3072a*(8ac—3b?) C*—512a*(8ac—3b*) D).

3 3
3. By replacing C—b—2+l£ with d or C:d+b—2—l£ in (11), which gives
8a~ 2a 8a 2a
4 2
ax*+bx’+cx*+dx+D+ 3b3—b—c2+ﬂ:0 (a#0) (12a)
256a° 16a° 4a

—b¥p

X,2,3,4= cos

3

p

2 3 3
lcos_l(z(&l d+b 4abc) p )] (12)

12b
: : (120)

2
w1 s cos| Leos! 2(8a*d+b’—4abc)—p’ p’+2(8ad+b’—4abc )+p(8ac—3b?
“4a|P |72
where

_[8ac—3b°f —2564’D
12(8a*d +b*~4abc)

+\/(8ac—3b2)4+65536a€’D2+48(800—3bz)(8a2d+b3—4abc)2—512a3(800—3b2)2D cos(l—cosl(g)) (12¢)
6(8a*d+b*—4abc) S

Q=(8ac—3b*/+72(8ac—3b*/(8a°d+b*~4abc) +864(8a°d+b*~4abc)*
+196608a°(8ac—3b°)' D> —768a* (8ac—3b*) ' D—18432a* (8ac—3b?)(8a*d+b°—4abc) D
—16777216a°D* ~768 a* (8ac—3b*) D—184324* (8ac—3b?)(8a*d+b’—4abc) D— 16777216 a° D’

and

3/2
s=((8ac—3b"'+65536a° D*+48(8ac—3b*)(8a’d+b’—4abc) —5124*(8ac—3b7)' D)
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: 3b* b’c . bd . 3b* b’c  bd .
4. Lastly, by replacing D+ ———+— with e or D=e——+———in (12
Y, BY TeP 9 5568 164 4a 256a° 16a° 4a (12),
yields the solution to the general quartic equation:
ax*+bx’+cx*+dx+e=0 (a#0) (13a)
b _»p 1 2(8azd+b3—4abc)—p3
Xy 934=—— +—, COS| —COS 3
4a 4a 2 p
2 3 3 3 2 3 a2
ii | 1cos lcosfl 2(8(1 d+b 4abc) p P +2(8a d+b 4abc)+p(8ac 3b ) (13b)
4a 2 3 p
p
where (13)
2 3 3
2(8a*d+b —jabc)—p |S1’
| p |
4 2 2 2 3 2
_3b"+16a bd+216a (; —64a’e—16ab’c . : \3/§ Cos(l_cos_l(g))’ (13¢)
3(80 d+b —4abc) 6(8(1 d+b —4abc) S
o
S

R=(800—3b2)4+48(8ac—3b2)(8(12d+b3—4abc)2
+(256a°e+112ab*c—21b*—64a’bd—128a’c?) 256 a’e+16ab*c—3b*—64a’bd),
Q=(8ac—3b*)+72(8ac—3b*)’(8a°d+b’—4abc ) +864(8a’d+b*—4abc )’
+3(8ac—3b°)’(256a°e+16ab*c—3b*—64a’bd )’
—3(8ac—3b*)"(256a’e+16ab*c—3b*—64a’bd)
—72(8ac—3b?)8a*d+b>—4abc ) (256a’e+16ab’c—3b*—64a’bd
—(256a3e+160b2c—3b4—64azbd)3,
SZ[(800—3b2)4+(25603e+160b2c—3b4—64a2bd)2+48(8ac—3b2)(8azd+b3—4abc)2
~2(8ac—3b*f(256a%+16ab*c—3b*~64a’bd)|
=4096a[256a"e*+96a°*cd’~128a°bde—128a’c*e+128a’b’ce +16a°c*
—20a°b’d’—64a’bc’d+28ab’cd—8ab’c*~24ab’e+b*c*~3b°d]””

Basic Analysis of Solution Formula (13)

+> If

2(8a*d+b*—4abc)-
3

p

pBIzl,
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4a 4a 2 3

2 3 3
x1,2,3,4=—b—¢p—cosh[lcosh1(2(8“ d+b’—4abc)—p )]
p

(14a)
2
2 3 3 3 2 3 2
+1Jp2(1+cosh[1cosh1(2(8a d+b 34abc) p )]) _p’+2(8a°d+b*~4abc)+p(8ac—3p)
4a 2 p p
2(8a°d+b*>—4 -p’ . .
+> If ‘ (Ba d+b a abc) P Isl, the roots to the quartic equation are
p
2 3 _ .3
x1234=—b— P os 1—cosfl 2(8(1 d+b ?abc) p
o da 4a 2 p
) (14b)
2 3 3 3 2 3 2
ii 0| 1+ cos lcos_l 2(8a d+b —4abc)—p P +2(8a d+b —4abc)+p(8ac—3b )
4a 2 3
p p
where
‘Q >1
’ (14c)
C
_3b*+16a’bd+16a’c’~64a’e—16ab’c _ VR Cosh(l_coshl(g))
3(8a*d+b°—4abc) 6(8a*d+b’—4abc) S
or
2%
> (14d)
_3b*+16a’bd+16a’c’~64a’e—16ab’c VR Cos(l_cosl(g))
3(8a*d+b*—4abc) 6(8a*d+b*—4abc) 3 S

(To explicitly derive solution if Q/S<-1, see more details in Section II for solving
general cubic equation.)

R=(8ac—3b*'+48(8ac—3b%(8d’d+b*—4abc/

+(256 ®e+112ab*c—21b*—64a*bd—128 a*c*)(256 a* e+ 16 ab*c —3b* — 64 a* b d

Q=(8ac—3b*+72(8ac—3b% (8a*d+b’—4abc| +864(8a°d+b*—4abc)’

+3(8ac—3b°*(256d’ e+16ab*c—3b*—64a°bd/’
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—3(8ac—3b*"(256a e+ 16 ab’c—3b*'—644a°bd|
—72(8ac—3b2)(8a2d+b3—4abc)z(25603e+16ab2c—3b4—64a2bd)

—(256a°e+16ab’c—3b*—64a’bd/

and

s=[(8ac—3b*'+(256 a’e+16 ab* c—3b* —64 a’bd | +48(8ac—3b%)(8a*d+b’—4abc)
2\2 3 2 4 2 372
—2(8ac—3b"(256a> e+ 16 ab’ c—3b*—64 a’b d)]
= 4096 a*[256 a* e?+96 ® cd*—128 a®bd e— 128 * Fe+128 A’ b ce +16d°c*

3/2

—20a°b°d*—64a’°bc*d+28ab’cd—8ab’c®*—24ab*e+b'c*—3b°d| .

[2-A-13]
Solution to Depressed Quartic Equation with Renamed Coefficients:

ax*+bx*+cx+d=0 (a=0)

3/2— 3
XLZ:_p_4\/Z(p) 2 1—cos| =cos™ 1—8(C+40p +2bp) ~11 ] (95a)
4ap 2 (4valp)*=V2¢)
4@(,))3/2:@ 1 8(c+4ap3+2bp)
X3, =—p— 1+cos| =cos | 1— , (95b)
. tap 2 (avalp) 5 v2c| (85)
where
2 2 2 2 2 2 2\3 2 4
__4ad-b _\/(b —4ad) +6abc COS 1—cos_1 18abc (4ad—b )+2(4ad—c ) —27a’c (95¢)
~ 6ac 3ac 3 2((b2—4ad)2+60bcz)3/2 .
[2-A-14]

Formula (281c) has been derived with the coefficient for the x® term, as shown in the
results below.
Special septic equation:
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- . - N ZDh*r 25c°  4uV3b® — Tac 4bp)| .
ax +bx +ox” +dx + - — + W
14 ecr 53 ¥l Tl
Vap© 25hbc®  48h7  b*p
+ - + - + -+ —
N3he — Tac  147a*  2401a’  Ta“

23(3b% — 7ac)”’"  av3buV3b? — Jac 40b*c  ep | .
- - — - — X"
21600v3a’ 4002 343a° 21a

[2v3p(3b2 - Tac)? - 12v3b2p(3b? - Tac)'* + 10b%c% + 18b%y  5¢% — 6bep
+

+ N .y
1020a° 141a%
V3bp? 46v3Db(3b% — 7ac)’ ' + 1242b°  30bic 4P
— — — - - X
14(r{3|!_;l"l - 'l-,-'t-'”::]L"I_J 453?9[’[’1" 24:":'1(1] 14{1
2(3b% — Tac)’"*  23b%(3b° - Tac)”*  2bp(3b% - Tac)'*  4b®p(3b% - Tac)''”
- — - - —— 4 — - —
3176223y 3a" 1058841v3a" 2401+3a" 2401+3qa"
p(3b? = 7ac)'’* 5vV3p%(3b% - Tac)'* VEh 50b7 2bh"c
— = — + — + — = —
196v3a” 1372a% 106a2(30% - Tac)'?  823543a" 5042140
&E?b 11— 280b%¢? N 35hc” — 78b%cq N 19¢%p — 63bp? N 3u° 0
302526a’ 216094 6174a” 56(3b< — Tac)
10b°+49 @* d+35abc
where p=
49 @
Solution formula:
b v 3b>~7ac ¢ 33(10b*+494*d+35abc )~ 10(3b*~7ac)”
374 e, \/ 33(10b*+49a*d+35abc )~ 10(3b*~7ac ) | i2nk
2V 42a\ 3b°—7acsinh —smhf —a + 7

2\/> [7al3b*=7ac)]

Or it can be expressed in terms of the sinht function to provide a complete solution,
o __b 3b-7ac V33 10b*+49a%d+35abe 1 10(3b*—7ac
7 AN
37a 3 5 3 3/2
) ﬁ4204/73b2_7acsmh7)k \/3@(10&; +49a°d+35abc)—10(3b*~7ac)

2\/5[70(3b2—7ac)]3/4

3

fork=0,1,2,..,6.
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Author’'s Commments

» While we designate the chapter I with the title 'Nested Radicals and Algebraic
Identities' and emphasize the exploration of nested radical and identities, it is
crucial to underscore the significance of certain formulas, namely (1.10b),
(1.2.9), (1.4.11), (1.5.9), and so forth. The integration of these formulas with
others derived from definitions, such as (1.3.3b), (1.6.3), (1.13.17) and others,
results in the development of groundbreaking advanced algebraic formulas,
such as (1.3.11), (1.3.21), (1.3.28), (1.6.18), and so forth that transcend
detailed verbal explication.

» The technique of solving polynomial equations using circular trigonometric
functions or hyperbolic trigonometric functions possesses the feature of
ensuring consistency in determining the entire solution once one of its solutions
is found. This property is substantiated by the periodicity of the circular
trigonometric function or hyperbolic trigonometric function being used. The
number of roots of an equation is equivalent to the number of periodic indices
associated with the trigonometric function utilized. The presence of
trigonometric or hyperbolic trigonometric functions in the solution form is
crucial in determining whether an equation possesses real solutions exclusively
or a combination of both real and complex roots. To illustrate, when the
solution of an equation is expressed as circular trigonometric functions, it
signifies that the equation has purely real roots. In contrast, if the solution
involves other types of hyperbolic trigonometric functions, it suggests the
existence of a combination of real and complex roots. As we see the process of
solving polynomial equations through trigonometric or hyperbolic trigonometric
functions includes establishing a system of simultaneous two equations that are
equal in value and solving them concurrently. One equation is shaped to
construct a specific polynomial equation devoid of trigonometric or hyperbolic
trigonometric functions by adjusting or replacing coefficients through addition,
subtraction, multiplication, or division. The other equation represents the
solution to the first equation and holds coefficients aligned with the equivalent
math operations performed in the first equation. Ultimately, utilizing the
properties encompassing periodicity, domain, and range inherent in each
trigonometric or hyperbolic trigonometric function to determine the number of
real and/or complex roots of the equation.

» Although this method can be time-consuming, the solutions to the polynomial
equations are usually consistent. Even though the solution may be lengthy and
complex, it is worth persevering until the end if it guarantees an answer. Due to
the existence of numerous elementary trigonometric identities, we posit that
they can be used to derive solution formulas for respective polynomial
equations. We invite readers to apply the single substitution method outlined in
this chapter for this purpose. Furthermore, various other elementary methods,
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such as employing multiple substitutions involving more than two unknown
parameters, incorporating the Tschirnhaus transformation method for
transforming a polynomial equation (which has not been utilized yet), or
combining multiple solution formulas, remain unexplored.

If we obtain solution to a polynomial equation in the form of cos((1/n)cos'(x)) or

cosh((1/n)cosh™'(x]), then the combination of these two forms are sufficient for
determining roots of the equation across all x values. In fact, both forms
represents a real algebraic expression for -1<x<1 and 1<x<oo, but for x in the
interval (-c0, -1], it is a complex expression.

The newly defined functions, sinht, cosht and tanht, facilitate the computation
of real roots of equations once they are implemented in calculators. These
functions not only represent the roots of a polynomial equation but also serve
as transitional functions, encompassing trigonometric and hyperbolic
trigonometric functions. They establish a connection between algebra and
trigonometry through polynomial equations. Upon integration as fundamental
functions, they may help us understand the order of complex numbers seem to
be deliberately arranged for each functional structure in mathematics that we
must follow. The functional structure discussed here refers to the combination
of both trigonometric and hyperbolic trigonometric functions.

The formulas presented in section ‘Transforming Solution Formulas from
Trigonometric or Hyperbolic Trigonometric Functions into Radical Forms’ are
crucial because they can be utilized to transform all solution formulas derived in
this chapter into radical forms.

Generally, this approach necessitates not only a fundamental comprehension of
algebra but also knowledge of trigonometry and hyperbolic trigonometry.
Delving into these subjects enhances our comprehension of the realm of
complex numbers by establishing an interactive link between trigonometric
functions and hyperbolic trigonometric functions. Ultimately, it provides a
comprehensive overview of the intricate interrelationship among Algebra,
Trigonometry, and complex numbers, all encapsulated within polynomial
equations and their solution formulas.

One of the particularly noteworthy results is equation (356a), as it sheds light
on the feasibility of solve other higher degree equations in terms of radicals.
This is achievable when e/c = 'constant' such that either cx® or ex® term must
be disappeared or eliminated from the equation.

Some tips:

- Considering the following a simple situation: Assuming m be any number
and i is imaginary unit, then iv—m=i-ivm=i>*Ym=—V/m is correctly following the
algebraic rule. However, if we deviate from this rule, it can be demonstrated
expanding i that iv—-m=v-1V-m=y/(-1)(-m)=Vm. The result appears to be
contradictory or confusing, but what can we learn from this situation? When
the solution formula contains radicals in the principal branch, it should not
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be simplified immediately in some rare scenarios that lead to contradict
result. Instead, specific conditions for the variable m, for example or its
connection with other expressions are necessary to ensure that both satisfy
a derived value. This is why for each step-by-step we do not consider sign of
any coefficients that may be within radical(s), and instead carefully examine
them after we completely derive the solution formula. This approach helps
us avoid getting trapped in an endless cycle where results are uncertain.

- Individuals who engage in the pursuit of solution formulas for polynomial
equations using trigonometric and hyperbolic trigonometric functions over
time will experience significant improvement in their mathematical skills,
particularly in Algebra, Trigonometry, and Complex Number.

Author’s Mischievous Note

We leave a Machin-like formula without divulging its specifics in this book. The
formula likes a mischievous note as our clandestine timestamp and is expressed
as

-1 1 -1 1 -1 1 1 -1(31488243646751629927 \ _n
tan = |+tan | =< |+tan |[———|——tan =—.
2 20 2024 ) 4 59664553872995095464 /] 8

As winter bids adieu on February 20, 2024, remind that: Mathematics, much
like love, flourishes in secrecy. It sparks curiosity, which in turn may lead to
intricate journeys of exploration.

— Tue Vu
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